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The chiral magnetic effect (CME), arising from the chiral anomaly and enabling mutual conversion
between magnetic helicity and electron chiral asymmetry, is a promising mechanism for generating
large-scale magnetic fields in magnetars, key to explaining their observed slow spin-down within
the first few decades after neutron star formation. Previous work by [1] demonstrated the CME’s
efficiency in the presence of an initially helical magnetic field, where magnetic helicity acts as a
persistent internal source of chiral asymmetry, mediating energy transfer across scales and enabling
the formation of large-scale dipolar fields (Baip = 10'*, G) from small-scale fields expected at birth,
without external energy input. However, the existence of helical fields at birth remains uncertain.
Here, we systematically investigate the CME under varying helicity distributions, including cases
with vanishing net helicity, to assess its role in neutron-star magnetic evolution. We find that
dipolar field growth is closely linked to local chiral asymmetry, with the maximum chiral chemical
potential (u5**) controlling large-scale amplification. Our results show that any sufficiently strong,
small-scale dominated field with magnetar-level strength, having spatial scales small enough for the
CME to outpace Ohmic dissipation and containing localized regions of magnetic helicity, can drive
efficient dipolar field amplification. This work extends the CME paradigm to realistic configurations,
shedding light on early neutron-star magneto-thermal evolution and magnetar dipole formation.

I. INTRODUCTION

this mechanism has been confirmed in the context of neu-

The transport of electric charge driven by quantum
anomalies in chiral fermion systems has recently become
a focal point of interest, particularly in the study of
neutron stars and magnetars. This surge of attention
reflects the possibility of accessing a distinct class of
macroscopic quantum behavior. Conventional macro-
scopic quantum phenomena—such as superfluidity and
superconductivity—emerge through symmetry breaking
and are described by a local order parameter, for instance
the Cooper-pair density [2]. By contrast, the anomaly-
induced effects that arise in chiral systems are rooted in
different physics and do not rely on symmetry breaking.

One of the most striking examples is the chiral
magnetic effect (CME), where a chirality imbalance
among charged fermions produces an electric current
aligned with an external magnetic field B through the
Adler-Bell-Jackiw anomaly [3, 4]. In this scenario, this
mechanism operates in systems that remain in the nor-
mal phase, without any broken symmetries. Instead, the
required chirality imbalance is connected, through the
Atiyah—Singer index theorem [5], to the global topolog-
ical structure of the gauge field. Because such topology
is inaccessible to local diagnostics, the system lacks a
local order parameter and is instead governed by topo-
logical order. Because the CME current acts as a source
term in Maxwell’s equations, a current flowing along the
magnetic field twists the magnetic flux, generating non-
zero magnetic helicity. Importantly, the coupling is re-
ciprocal: a helicity-rich magnetic field can generate chiral
asymmetry as it relaxes and untwists [6]. The validity of
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tron stars through 3D magneto-thermal simulations [I].
In particular, Dehman and Pons [I] demonstrated that
a helical magnetic ﬁelcﬂ can sustain a chiral asymmetry
between left- and right-handed electrons, enabling an in-
verse transfer of magnetic energy toward large scales and
producing magnetar-strength dipolar components over
a few decades. This direction of the coupling is espe-
cially significant for long-lived neutron stars, which are
expected to be in chemical equilibrium at birth and there-
fore lack any initial chiral asymmetry to seed the mag-
netic field.

During the birth of a neutron star, MHD simulations
indicate that the magnetic field is amplified by a tur-
bulent dynamo during the proto-neutron star phase [7-
13]. While these dynamos can generate magnetar-level
total magnetic energy, most of it is stored in small-scale,
non-axisymmetric, and toroidal components, leaving only
a weak large-scale dipole. Long-term magneto-thermal
evolution studies confirm that such configurations can-
not account for observed magnetar properties when only
Ohmic dissipation and Hall drift are considered in the
evolution of the magnetic field within the neutron star
interior [14} [T5], although they may be relevant for other
isolated neutron stars, such as Central Compact Objects
or low-field magnetars. By contrast, the magnetic he-
licity content and its spatial distribution at neutron-star
birth remain largely unexplored, yet they may critically
influence whether the CME can drive the transfer of mag-
netic energy from small to large scales. It is currently
unknown whether the magnetic field at birth carries a
net helicity, and theoretical arguments exist supporting

1 A magnetic field configuration with net magnetic helicity.
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both possibilities. One scenario leading to net magnetic
helicity arises if the CME operates during core-collapse
supernovae: the chiral asymmetry present at that stage
is gradually erased as the system relaxes toward chemi-
cal equilibrium in the newly formed neutron star, gener-
ating net magnetic helicity through the chiral anomaly
[12]. By contrast, standard MHD simulations preserve
reflectional symmetry, so that an initially vanishing he-
licity leads to the development of mirror-image structures
with opposite handedness [I6HIS], allowing magnetic en-
ergy to grow while the net helicity remains negligible [19].
Motivated by these uncertainties, we explore a range of
plausible magnetic configurations representative of new-
born neutron stars, systematically varying both the ini-
tial helicity content and its spatial distribution. Our goal
is to identify which configurations can evolve into stable,
large-scale dipolar fields characteristic of magnetars, and
to assess whether a non-helical initial magnetic field can
also effectively trigger the chiral magnetic effect.

The structure of the paper is as follows. Section [[]
introduces the theoretical framework employed in this
work. Section [[T]] details the numerical setup and initial
conditions. The results are presented in Section [V] and
discussed in Section [V]

II. MAGNETIC FIELD FORMALISM

Magnetic helicity is a fundamental topological invari-
ant, expressible in terms of the Chern—Simons three-
form, and provides a quantitative measure of the twist,
writhe, and linkage of magnetic-field lines [20H23]. It re-
mains nearly conserved even in non-ideal, high-magnetic-
Reynolds-number regimes, as demonstrated in studies of
magnetic reconnection in the solar atmosphere [24], and
is increasingly recognized as a key factor in neutron-star
magnetic evolution [25] 26]. Magnetic helicity is defined
as
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where A is the magnetic vector potential, B =V x A is
the magnetic field, and V' denotes the integration volume.
The time evolution of x,s is given by [27]
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where c is the speed of light and E the electric field. The
term o (E x A) represents the helicity flux across the
boundary, whose contribution is negligible.

Helicity conservation acquires additional significance
when quantum anomalies are taken into account [2§].
Through the chiral anomaly, magnetic helicity couples
directly to fermionic chirality, altering ny — ng. The
evolution of the chiral number density, ns = ng — np, is
given by [I}, B} 29]:
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This relation includes both source and sink terms. The
E - B term governs the coupling between chiral den-
sity and the electromagnetic field: twisting or untwisting
magnetic field lines changes electron chirality, acting as
a source or a sink depending on its sign. The reaction
rate I'y accounts for spin-flip interactions due to electro-
magnetic effects and the finite electron mass; it always
acts as a sink, reducing the efficiency of the CME and
suppressing the chiral magnetic instability (CMI) [29-
32]. The magnitude of the spin-flip rate casts significant
doubt on the relevance of the CME in short-lived envi-
ronments such as PNSs. Nonetheless, the first study of
long-lived NSs [I] demonstrated that chiral asymmetries
can persist for centuries in the presence of small-scale,
tangled magnetic structures, enabling a sustained trans-
fer of magnetic energy from small to large scales despite
the strong suppressive effect of spin-flip processes. For a
simplified framework describing how the chiral anomaly
operates, please refer to Section [[IB]

Eq. and Eq. , when combined and integrated
over the volume, yield a generalized helicity balance law
[11, 6], 28], [33]:

% (@ + %xm) +T5=0, (4)

where Q5 = [n5dV is the total axial charge, quantify-
ing the global imbalance between left- and right-handed
fermions, and I's = [ns 'y dV is the total spin-flip dissi-
pation rate. The appearance of the sink term I'5 indicates
that total helicity is not strictly conserved.

A local imbalance between left- and right-handed elec-
trons induces an electric current parallel to the mag-
netic field through the Adler-Bell-Jackiw anomaly [3, 4],
adding an extra term to Maxwell’s equations [34]:

J; =B, (5)
wh
where ps = pwgr — pr is the chiral chemical potential,
a = e%/(hc) the fine-structure constant, e the elementary
charge, fi the reduced Planck constant. Gaussian units
are used throughout this section.

In this work, we focus on the CME in the neutron
star crust, where the spin-flip rate is given by I'f =
4a/(3wo,). This focus is motivated by our previous re-
sults showing that the CME can operate efficiently in
the crust despite the presence of spin-flip processes [I].
In contrast, the neutron star core—which comprises the
majority of the stellar volume—is characterized by much
more rapid spin-flip damping, primarily due to electron
scattering off magnetized neutron vortices in the super-
fluid [35, B6]. These processes occur on significantly
shorter timescales than in the crust and are therefore
expected to strongly suppress any chiral asymmetry. As
a result, it remains unclear whether a residual asymme-
try could survive long enough to influence magnetic field
evolution in the core, a question that merits further in-
vestigation in future work.



The modified induction equation in the neutron star
crust, incorporating Ohmic dissipation, Hall drift, and
the chiral magnetic contribution, is given by [I]:

%—?:—Vx n(V x B—ksB)+ fn(V x B) x B]. (6)
The first term on the right-hand side represents Ohmic
dissipation, where the magnetic diffusivity is defined as
n = c¢?/(4rno.). This term leads to the decay of the mag-
netic field and is most effective at small spatial scales.
The second term corresponds to the CME, with the chi-
ral wavenumber defined as ks = 4aus/(hc). This term
can drive exponential growth of certain magnetic field
modes by transferring energy from others. The last term
represents the Hall drift, where f, = c¢/4wen, is the Hall
prefactor. Here, o, denotes the electron conductivity
and n. the electron number density. The Hall drift is
known to generate a direct cascade, transferring mag-
netic energy from large-scale structures to smaller scales,
where it is more efficiently dissipated by Ohmic diffu-
sion [I4] B7]. In addition, in the presence of helical (or
partially helical) magnetic fields, the Hall term can also
drive an inverse cascade. In this regime, the approximate
conservation of magnetic helicity implies that, as mag-
netic energy is dissipated, the characteristic wavenumber
shifts toward smaller values, corresponding to larger spa-
tial scales. Consequently, the inverse cascade proceeds
on the magnetic dissipation timescale [25], 26]. However,
as shown in Dehman and Brandenburg [26], the extent of
the inverse cascade is limited by the inverse aspect ratio
of the neutron star crust, A =~ 1/30. For a comprehen-
sive overview of magneto-thermal evolution in neutron
stars, we refer the reader to the recent review by Pons,
Dehman, and Vigano [38].

A. Quasi-equilibrium and astrophysical timescales

When spin-flip reactions are included, their rates are
extremely large—of order 10'® — 10'7 s~! under typ-
ical neutron-star conditions during the first few cen-
turies. Because these rates exceed macroscopic magnetic-
evolution timescales by many orders of magnitude, the
system remains in a quasi-equilibrium state [see Section
IT of Ref. M]. In this regime—effectively always realized
in astrophysical contexts—one can derive an explicit ex-
pression for k5 as a function of the magnetic field:
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where Bqep = m2c®/(eh) = 4.41 x 10% G is the
Schwinger critical field. This expression shows that
the chiral wavenumber ks is locally constrained by
the characteristic wavenumber of the current aligned
with the magnetic field. It also demonstrates that the
CME operates efficiently only in the strong-field regime

(B Z Bqgp), as found in magnetars—a conclusion that
emerges naturally once spin-flip processes, typically ne-
glected in CME studies, are properly accounted for.

Neglecting the helicity flux across the boundaries,
which is negligible in this context, Eq. can be rewrit-
ten as

9(A-B) 1
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where By, is the characteristic magnetic field strength
at which saturation sets in, given by

2 p
Bsat ~ o -
3T mec
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It scales linearly with the ratio p./(mec?), which in-
creases with density, giving Bgat ~ 104 G near the sur-
face and up to ~ 5 x 10'® G in deeper layers—consistent
with inferred magnetar field strengths.

In the quasi-equilibrium limit, Eq. establishes a di-
rect connection between the evolution of the local mag-
netic-helicity density and the local current—helicity den-
sity, modulated by the magnetic diffusivity. Conse-
quently, the sign (and magnitude) of (V x B)-B—which
reflects the local alignment, anti-alignment, or near-
orthogonality of the electric current with the magnetic
field—determines whether helicity is generated, dissi-
pated, or remains largely unaffected. The efficiency of
this helicity transfer, and thus the effectiveness of the
CME (see Eq. (4)), varies strongly with radius due to
the steep radial gradient in magnetic diffusivity. In re-
gions with higher diffusivity, such as the outer crust and
the nuclear pasta layer, magnetic structures relax more
rapidly, facilitating a more effective conversion between
magnetic helicity and chiral asymmetry. To quantify this
process, we define

w=n(VxB)-B, (10)

which will be evaluated in our study.

B. A simplified framework for the chiral anomaly

In ultra-strong magnetic fields exceeding the Schwinger
QED critical value, Bqrp = m2c®/(e h) = 4.41 x 103 G,
as expected in magnetar interiors, the motion of electrons
perpendicular to the magnetic field is quantized into Lan-
dau levels such that only the lowest Landau level (LLL)
is populated [39] [40]. Consequently, the transverse de-
grees of freedom are frozen, and in the LLL the electron
spins anti-align with the magnetic field to minimize their
energy, allowing electrons to propagate only along the
field direction [41,[42]. If B points along the z-direction,
negatively charged left-handed fermions (i.e., left-handed
electrons) propagate in the positive z-direction, while
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FIG. 1: Tllustration of the chiral anomaly in a very strong magnetic field, B 2 Bqgp, pointing in the &-direction.
The momenta of right-handed electrons are shown in blue, while the momenta of left-handed electrons are shown in
pink. Panel (a): Due to the very strong magnetic field, all electrons occupy the LLL and can move only along the
direction of the magnetic field. The momenta of right-handed electrons point opposite to the magnetic field, whereas
the momenta of left-handed electrons point in the same direction as the magnetic field. Initially, there are equal
numbers of left-handed and right-handed electrons. Panel (b): As the magnetic helicity relaxes, an electric field is
induced, resulting in a non-vanishing E - B. Assuming E - B > 0, a right-handed electron is converted into a
left-handed electron by reversing the direction of its momentum. The left-handed electron then moves upward.
Panel (c): Once electrons leave the LLL, they can flip chirality, thereby significantly reducing the chiral asymmetry.
Note that these processes occur on very short time scales and effectively take place simultaneously.

FIG. 2: Schematic representation of the initial magnetic
field configurations.

negatively charged right-handed fermions propagate in
the negative z-direction [43].

This effect is illustrated in panel (a) of Fig. [1} where
the magnetic field is assumed to be uniform and oriented
along the z-direction, i.e., B = B,&. Initially, equal
numbers of left-handed and right-handed electrons are
present, corresponding to neutron-star matter in chemi-
cal equilibrium, with no net chiral asymmetry.

Assuming the initial magnetic field is helical, as the
field lines untwist, the magnetic helicity decreases slightly
due to finite magnetic diffusivity, inducing a nonzero
E - B term. In this case, some of the electrons change
their helicity. Since spin flips are energetically sup-

pressed in a strong magnetic field, helicity can only
change through a reversal of the electron momentum.
For E- B > 0, the induced electric field is locally aligned
with the magnetic field: left-handed electrons moving
along the field propagate upward, while right-handed
electrons are converted into left-handed electrons by re-
versing their momenta [43]. Although the total number of
electrons, N. = Np 4+ Ny, is conserved, the axial charge,
N5 = Ni — Np, is not, resulting in an electromagnetic
current, Js, along the direction of B that reflects the
presence of the axial (chiral) anomaly. In this scenario,
the evolution of the magnetic field couples primarily to
the left-handed current, Js; ~ J;. This mechanism is
illustrated in panel (b) of Fig.

Conversely, if the electric field is anti-aligned with the
magnetic field (E - B < 0), right-handed electrons in the
LLL propagate upward, whereas left-handed electrons
are converted into right-handed electrons by reversing
their momenta, and the magnetic-field evolution couples
primarily to the right-handed current, Js ~ Jg.

In addition to the anomalous generation of axial charge
by a non-vanishing E - B, chirality-flipping processes act
to relax the resulting imbalance [30]. In the ultra-strong
magnetic-field regime, where electrons predominantly oc-
cupy the LLL, a genuine spin-flip interaction cannot oc-
cur within the LLL, which admits only a single spin po-
larization [42]. Such processes therefore become effective
only when electrons are excited to higher Landau levels,
where spin and momentum are no longer rigidly locked
and chirality is not conserved [44]. Finite electron-mass
effects and electromagnetic scattering interactions then
convert right- and left-handed electrons into one another,



FIG. 3: Schematic representation of y, the local helicity, normalized by its maximum value, for the Monohel, Bihel,
Mixhel, and Angfluc setups.

leading to a relaxation of the axial charge N5. The role
of these chirality-flipping processes is illustrated in panel
(c) of Fig. Note that these processes occur on very
short timescales, effectively simultaneously, and locally
within the interior of a neutron star.

III. NUMERICAL SETUP

To study the magnetic field evolution under the CME,
we use the extended MATINS code introduced in Dehman
and Pons [I], which, in addition to solving the coupled
induction and heat-diffusion equations, self-consistently
incorporates the evolution of chiral number density and
spin-flip contributions arising from the chiral anomaly.
This extension builds on the earlier version of MATINS?
described in Dehman et al. [14, @5], Ascenzi et al. [46],
which did not include the CME.

We model the entire neutron star volume while lim-
iting the magnetic field evolution to the crust by im-
posing potential-field (current-free) boundary conditions
at the mass density p = 10°gem™3, which defines
the numerical surface of the star, and perfect-conductor
conditions at the crust—core interface, thereby confining
the magnetic field to the crust (see Dehman et al. [45]
for details on the magnetic boundary conditions). The
temperature-dependent electrical conductivity is com-
puted using the IOFFE codesEl [47]. The stellar back-
ground in MATINS is constructed using zero-temperature
EOSs from the CompOSHY database. In this work, we
adopt the BSk24 [48] EOS and consider a canonical
1.4 My star, yielding R = 12.4 km and a crust thick-
ness of 0.86 km, although MATINS allows exploration of
other EOSs and stellar masses.

2 https://github.com /ice-csic-astroexotic/ MATINS
3 http:/ /www.ioffe.ru/astro/conduct/
4 https://compose.obspm.fr/

The magnetic field configuration of neutron stars at
birth remains poorly constrained, and consequently, both
its magnetic-helicity content and spatial distribution
are largely unknown. During the proto-neutron star
stage, dynamo processes are expected to drive the sys-
tem toward a quasi-equilibrium state, in which mag-
netic energy is distributed across a broad range of spatial
scales. This configuration is typically dominated by non-
axisymmetric and toroidal components, with only a weak
large-scale dipole [THI0} 13}, [49]. While the total magnetic
energy can reach magnetar-like levels, it is concentrated
on small spatial scales.

Rather than attempting to model the full diver-
sity of magnetic-field configurations predicted by proto-
neutron-star studies, we initialize the system with a mag-
netic field whose energy is concentrated at small spatial
scales and whose spectrum peaks at a characteristic an-
gular wavenumber £y. In the sub-inertial range (¢ < ¢y),
we adopt a spectrum corresponding to a random vec-
tor potential. In three dimensions, this implies a vec-
tor potential spectrum E4(¢) oc £2 and a magnetic en-
ergy spectrum Ej/(f) o< £* (see Table 1 of Dehman and
Brandenburg [26]). This form, commonly used in cosmol-
ogy and referred to as a causal spectrum [50], describes
a divergence-free field with no spatial correlations be-
yond the generation scale. The magnetic energy spec-
trum peaks at £y ~ 50 and extends up to fpax = 70.
For the radial wavenumber k,., we adopt values of order a
few hundred, chosen to balance the fastest-growing mode
of the CMI against Ohmic dissipation (see Appendix II
of Dehman and Pons [I]). The radial direction is re-
solved more finely than the angular directions for both
physical and numerical reasons. Physically, the CME
is sensitive to neutron-star microphysics, which exhibits
strong radial gradients. Numerically, MATINS is not par-
allelized, and the spherical harmonic decomposition re-
quired for higher angular resolution is computationally
more demanding. Accordingly, the crust is discretized
with 200 radial grid points, allowing structures down to
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TABLE I: Simulation data at representative times, showing the magnetic field strength, the chiral chemical potential

(mean and maximum), and the fractional magnetic helicity.

avg

max

Run Bims [G] Baip [G] ps ¢ [MeV] ps™* [MeV] X
t=0 t =100 t=0 t =100 t=0 t =100 t=0 t=100 t=0
Monohel 2.9 x 10'® 2.3 x 10 43x10'? 1.0x10* 2x107'2 1x107'% 2x107" 1x107* 0.853
Bihel 3.0 x10'® 2.0x 10 4.1x10'2? 1.6x10* —5x107* —5x107* 8x107* 2x 107 0.031
Mixhel 2.9x 10 1.5x10' 39x10'? 1.1x10*%* —2x107 —1x107*® 1x107° 1x107* 0.130
Angfluc 2.8 x 10'® 1.5 x10'® 4.3x10'? 1.5x10" 9x107" 2x107'* 1x107'° 2x107'" 0.007
Radfluc 2.8 x 10'® 1.3x 10 4.0x10'? 1.1x10** —3x107%® —2x107% 9x 107 2x 107 0.001
NoCME 3.0 x 10'® 1.0 x 10'® 4.0 x 10'2 1.3 x 10! 0.0 0.0 0.0 0.0 0.031

scales of tens of meters to be resolved. The angular di-
rections are discretized using a cubed-sphere grid [45]
with Ne = N,, = 47 points per patch over six patches,
corresponding to effective resolutions of Ny = 94 and
N, = 188, and resolving angular scales of several hun-
dred meters.

With this numerical setup, the initial magnetic field
has a characteristic strength of order 10'® G, predomi-
nantly concentrated at small scales and close to equipar-
tition between poloidal and toroidal components, with a
slight dominance of the toroidal component. The large-
scale dipolar field is limited to ~ 10'2 G, yielding a total
magnetic energy of ~ 10%” erg, consistent with expecta-
tions for neutron-star birth [I0, [I1]. An example of such
an initial configuration is shown in Fig.[2] where the color
scale indicates the magnetic field strength.

Since the magnetic helicity at neutron-star birth re-
mains largely unexplored, we vary its initial content and
spatial distribution, considering several setups that span
plausible configurations for a newborn neutron star. This
allows us to assess whether a non-helical initial magnetic
field can drive magnetic energy transfer across scales and
lead to large-scale field formation. The helicity distribu-
tions considered in this study are listed below:

(i) Monohel — a helical configuration with a uniform
helicity sign throughout the neutron-star crust;

(ii) Bihel — a bi-helical configuration with opposite
helicity signs in the northern and southern hemi-
spheres, yielding an approximately vanishing net
helicity;

(#i) Mixhel — a configuration with mixed helicity across
the northern and southern hemispheres, yielding an
approximately vanishing net helicity;

(iv) Angfluc — a configuration with small-scale, local-
ized helicity fluctuations in the angular directions,
leading to an approximately vanishing net helicity;

(v) Radfluc — a configuration with small-scale, local-
ized helicity fluctuations in the radial direction, also
yielding an approximately vanishing net helicity, in
which different radial functions for the poloidal and
toroidal components were used (see Appendix

and Fig. ;

(vi) NoCME — identical to the Bihel setup but with the
CME deactivated, serving as a reference case.

Details on the construction of each configuration are pro-
vided in Appendix [A] and the key parameters are sum-
marized in Table[ll The local 3D distribution of the initial
magnetic helicity, normalized by its maximum absolute
value, x(r,&,n,t) = A-B/|A- B|_,., is shown in Fig.
for the Helical, Bi-helical, Random, and Mixed runs, re-
spectively. For the Fluctuation run, see Fig. This
normalized helicity represents the local helicity relative
to its maximum absolute value, highlighting the spatial
distribution of positive and negative helicity regions and
allowing comparison of patterns across simulations with-
out implying a global net helicity.

Each setup is evolved in full neutron-star crust sim-
ulations over the first thousand years using day-long
timesteps. We focus on these early evolutionary stages to
assess whether the CME can drive the formation of the
youngest known magnetars, such as Swift J1818.0-1607
(~ 200 yr; [51)), on such short timescales. To isolate the ef-
fects of the CME from those of the Hall drift—which also
redistributes magnetic energy across spatial scales—we
switch off the Hall term in the present study. The im-
plications of Hall effects are discussed at the end of Sec-

tion [V1

IV. RESULTS

The time evolution of the fractional magnetic helicity,
defined as

X =+V/(A-B)(J-B)/(B?), (11)

is shown in Fig. 4] (solid lines). The quantity x was intro-
duced by Brandenburg [25] and provides a more rigorous
measure of the degree of helicity of the magnetic field.
The dashed lines correspond to the normalized losses due
to the spin-flip term for each run. The different simula-
tion runs are distinguished by markers, as indicated in
the figure caption.

The fractional magnetic helicity, denoted by ¥, is equal
to unity for a fully helical Beltrami field with periodic
boundary conditions [25]. For non-periodic boundary
conditions—such as perfectly conducting on one side and
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FIG. 4: Time evolution of the fractional magnetic
helicity (solid lines) and the normalized losses due to
the spin-flip term (dashed lines). Simulation runs are
distinguished by markers: squares (Monohel), circles
(Bihel), plus symbols (Mixhel), triangles (Angfluc),

and stars (Radfluc).

a potential field condition on the other—y can still be
close to unity, as is the case for the Monohel run, with
X(to) =~ 0.85 (see also Table. In general, the closer y
is to unity, the more helical the field; conversely, values
close to zero correspond to non-helical fields with vanish-
ing magnetic helicity.

The other runs start with much lower values of frac-
tional magnetic helicity, with Mixhel has x(¢t = 0) ~ 0.1.
This is followed by Bihel, where magnetic helicity can-
cels more efficiently between positive and negative local
contributions, yielding X (¢ = 0) & 0.03. These values in-
dicate that both runs can be considered effectively non-
helical. Finally, the Angfluc and Radfluc runs exhibit
X < 1.

Figure [4] shows the impact of the generalized helicity
(Eq. ) The left panel shows the time evolution of
three quantities: the total helicity Qs + —$— X (dashed
blue); the losses due to the spin-flip term at each time
step —I's At (dash-dotted orange), representing the num-
ber of right-handed electrons flipping to left-handed ones
in the entire crust during one time step; and Q5 itself
(dotted teal), which reflects the total excess of right-
handed electrons. The figure illustrates how the magnetic
helicity generates an extremely small Qs (20 orders of
magnitude smaller), which remains nearly constant. This
is due to the strong damping effect of the spin-flip term.
In the absence of spin-flip processes, @5 would grow un-
til it is of the order of the magnetic helicity. Moreover,
the figure confirms that our simulations respect the gen-
eralized helicity conservation law (Eq. ): the change
in total helicity is closely balanced by the spin-flip term,
as predicted by theory. Nonetheless, helicity is conserved
to a satisfactory degree for the purposes of this analysis
and it decay over time due to the magnetic diffusivity.

A. DMagnetic energy and helicity Spectra

To assess the impact of the chiral asymmetry on the
evolution of the magnetic field, we examine the magnetic
helicity spectra defined as

(6, mit) = 2 / 04+ DO Updr,  (12)

and the magnetic energy spectrum defined as

0 +1) [e(z +1)

2 r2

(13)
where, @), = 0®y,,/0r. These quantities are evaluated
for the five runs introduced in Section [[TIl The left pan-
els of Fig. |5|show the magnetic helicity spectrum x s (¢, t)
as a function of spherical harmonic degree ¢ (horizontal
axis) and time (vertical axis), with color indicating its
magnitude. The right panels show the magnetic energy
spectrum Ej(¢) as a function of £ at different simulation
times, with color representing time. We examine the evo-
lution of the system over the first 103 yr of the magnetar
lifetime.

Initially, the magnetic helicity xa(¢,t = 0) can take
both positive and negative values, reaching its largest
magnitudes at small spatial scales, predominantly in the
range 10 < ¢ < 55, depending on the run. In contrast,
the large-scale structures are essentially non-helical in all
simulations. Similarly, the smallest resolved scales, corre-
sponding to 60 < ¢ < 70, also exhibit negligible helicity.
At t = 0, the magnetic energy is likewise concentrated at
small scales, with only weak contributions at large scales.
In particular, the initial magnetic energy spectrum fol-
lows Ej(f) oc ¢4, indicating that most of the magnetic
energy resides at high spherical harmonic degrees.

As the system evolves, magnetic helicity is progres-
sively transferred from the small spatial scales that ini-
tially contain most of it to other scales that initially pos-
sess negligible helicity, including both larger and smaller
scales. The total magnetic helicity remains approxi-
mately conserved throughout the evolution, exhibiting
only a slow decay with time (see also Fig. 5 of Dehman
and Pons [I]). This qualitative behavior is observed in
all the simulations considered here.

The rate at which magnetic helicity is redistributed
across multipoles varies between the simulations, with
this variation being particularly pronounced in the
Monohel run (upper-left panel) compared to the other
cases. In the Monohel simulation, the dipolar compo-
nent (¢ = 1) requires nearly 100yr before a significant
fraction of helicity is transferred, whereas in the other
simulations this redistribution occurs much more rapidly,
typically within one to two decades. This helicity re-
distribution is accompanied by a concurrent transfer of
magnetic energy across multipoles, preferentially chan-
neling energy from strongly tangled, highly helical struc-
tures toward modes with lower helicity content. In the
Monohel run, the transfer of magnetic energy proceeds

ruttmn =1 [

r



, (@) Monohel
103 + 104
102 g
— 1047
- je))
5 10! A E
(] —
£ 10°- < 10%4
= W
1071 4 100
0 T T - =0 -
10° 10t 10° 10t
L )
, (b) Bihel
10 1049 4
1021
= 47 |
T 1ot §10
= o
[ —
£ 1001 ;NE 1045 1
= & =
101! 1043
0 T T r— .
10° 10t 10° 10t
L )
103 (c) Mixhel
1049 4
102 4
- o 1047
5 10 E’
(] —
£ 10+ < 10%1
= W
1071 1043 v
T T =0 T
10° 10! 10° 10!
2 ?
107 (d) Angfluc 10%9
102
_ 1047 4
5 104 E’
(] —
E 104 $ 10%
= W
1071 1043
0+— .
10° 10t
L
5 (e) Radfluc
10 1049 |
102
47 |
T ot §10
= k)
[ —
£ 100 S 10% 4 —
E &
v
107t 1043 4
1=0

10° 10!
2

L I DN |

—10%2 -10%! -10°° 0 100 10! 10%? 0 200 400 600 800 1000
xm(L, t) [erg cm] Time [yr]

FIG. 5: Magnetic helicity and magnetic energy spectra for the five simulations: (a) Monohel, (b) Biohel, (c)
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amplitude. The right column shows the magnetic energy spectrum Ej;(¢) as a function of ¢ at different times, with
the color encoding the simulation time. The corresponding colorbars are shown below each column.



more slowly than in any other simulation, a difference
that is evident in the right-hand panel, where, after one
year, energy transfer in the other simulations is already
markedly more efficient, as indicated by the pronounced
change in the slope of the energy spectra.

As the system evolves, the slope of the magnetic energy
spectrum gradually approaches an approximately linear
dependence on ¢, giving rise to an inverse-like cascade.
This process differs from the standard MHD inverse cas-
cade, which is characterized by a shift of the spectral peak
toward lower ¢ while approximately conserving the initial
slope of the spectrum (see also Brandenburg 25, Dehman
and Brandenburg 26 for studies of the inverse cascade un-
der the non-linear Hall term in neutron stars). Despite
this redistribution, small-scale structures remain domi-
nant in the magnetic field configuration, a behavior that
is consistent across all simulations considered here and
suggests that each multipole saturates at its own charac-
teristic amplitude.

Note that at much later times, of the order of tens of
kiloyears, this spectral behavior may change as Ohmic
dissipation progressively removes the small-scale mag-
netic structures while leaving the dipolar component
comparatively less affected. However, over such long evo-
lutionary timescales the Hall term, which is not included
in the present simulations, is also expected to play an
important role. In particular, it can transfer magnetic
energy from the already formed dipole back to smaller
scales, eventually establishing what is known as a Hall
balance [I4]. Determining the resulting long-term spec-
tral shape therefore requires models that include both
Ohmic dissipation, chiral magnetic effect, and Hall dy-
namics.

A particularly notable feature of this evolution is the
strong amplification of the dipolar component (¢ = 1; see
right panels), reflecting the spontaneous formation of the
largest spatial scale in the system. While similar behav-
ior occurs for other large-scale structures (¢ < 10), we
focus on the dipole due to its primary relevance for mag-
netars. This amplification is observed in all simulations;
however, differences arise in the subsequent evolution of
the dipole. In the Monohel and Bihel runs, the dipole,
once established, remains stable over time, with energy
dissipation occurring predominantly in the smaller-scale
structures. By contrast, in the Mixhel run, the large-
scale structures undergo slight dissipation during the first
thousand years, driven not by Ohmic diffusion but by
the CME acting to destabilize the formed dipolar field.
This effect is more pronounced in Angfluc and becomes
strongest in Radfluc. Importantly, this trend extends
to the smallest scales generated by the CME (¢ = 55),
which exhibit a similar pattern of dissipation.

In Monohel and Bihel runs—those that produce the
most stable dipoles—the helicity contained in the dipole
first increases, then decreases, and later increases again.
This behavior suggests an ongoing exchange of helicity
between the dipole and other multipoles, allowing the
dipole to be replenished and thereby maintained. By

contrast, in the Angfluc and Radfluc runs, where the
dipole eventually decays, the helicity stored in the dipole
becomes comparatively large relative to that of the other
multipoles. In this regime, the dipole appears to act
as a source that feeds helicity into other modes through
the CME, thereby destabilizing the large-scale field. The
Mixhel case represents an intermediate regime in which
the dipole does not accumulate enough helicity to sig-
nificantly fuel other multipoles, resulting in a partially
stable configuration.

The sign of the magnetic helicity also exhibits distinct
behavior across the simulations. In the Monohel run,
the helicity initially has a negative sign, resulting in a
net magnetic helicity in the system. The magnetic he-
licity is approximately conserved throughout the evolu-
tion, which is consistent with the fact that the helicity
associated with individual multipoles does not exhibit
significant sign reversals. In contrast, the other simula-
tions initially contain both positive and negative helicity
contributions across different multipoles. This distribu-
tion yields an overall helicity that is close to zero and
remains approximately balanced during the subsequent
evolution. In these cases, individual multipoles can un-
dergo substantial variations in their helicity amplitude
and may even change sign.

Because the multipoles that initially carry magnetic
helicity evolve in a non-uniform manner—some reversing
their helicity sign more frequently than others—this be-
havior suggests that certain modes couple more efficiently
to other multipoles, particularly those with initially neg-
ligible helicity. Quantifying these couplings requires a
detailed spherical harmonic decomposition of the induc-
tion and helicity evolution equations, where the nonlin-
ear interactions between modes are governed by Cleb-
sch—Gordan coefficients.

B. Decay and instability laws

The time evolution of the volume-averaged magnetic
field and its dipolar component is shown in Fig. [6] for
the first 10% years of neutron star lifespan. The colorbar
in the left panel indicates the evolution of |us ®|, while
that in the right panel represents the temporal evolution
of |pug®|. Simulation runs are depicted by solid lines
with distinct markers: squares denote Monohel run, cir-
cles correspond to Bihel configuration, plus symbols de-
note Mixhel run, triangles represent Angfluc case, stars
indicate Radfluc run, and diamonds denote the NoCME
run. For the latter, the evolution of the chiral chemical
potential is not shown, as the CME is switched off in this
simulation.

The time evolution of the volume-averaged magnetic
field (left panel of Fig. @ begins with nearly identi-
cal initial magnetic field strengths, Byyns ~ 3 x 1016, G,
for all the simulations studied here and it then de-
creases over time. This behavior is expected, as we con-
sider a decaying MHD scenario. In this framework, the
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FIG. 6: Early-time evolution of the magnetic field for different simulation configurations over the first 103 years.
The left panel shows the volume-averaged magnetic field, ranging from 4 x 10'° G to 3 x 10'® G, while the right
panel shows the mean dipolar magnetic field, ranging from 10'? G to 2 x 10'* G. Simulation runs are represented by
solid lines with distinct markers: squares indicate Monohel run, circles correspond to Bihel configuration, plus
symbols denote Mixhel run, triangles represent Angfluc case, stars mark Radfluc run, and diamonds indicate the
NoCME run. The colorbar in the left panel corresponds to the average chiral chemical potential, uz ®, and the
colorbar in the right panel corresponds to the maximum chiral chemical potential, ug'®*. The NoCME run is shown in
black, as it does not include the chirality effects.

CME—sourced by the magnetic field itself—primarily re-
distributes magnetic energy across spatial scales rather
than amplifying the mean magnetic field, as illustrated
in Fig.

The decay of the mean magnetic field exhibits dis-
tinct slopes depending on the physical processes included
in the simulations. In the NoCME case, where only
Ohmic dissipation is considered, the magnetic field de-
cays rapidly following an exponential law, o< exp(—t/74),
with an Ohmic timescale defined as 7q = L%*/n =~
20-25 yr. Here, L denotes a characteristic magnetic
length scale, such as the radius of curvature of the mag-
netic field lines. All modes decay in the NoCME run, in-
cluding the initially weak dipolar component, which de-
cays more slowly owing to its smaller wavenumber; the
corresponding results are summarized in Table [}

In contrast, in runs where the CME is active, the evo-
lution deviates from the purely Ohmic case. In these sim-
ulations, the magnetic-field decay follows o exp(—t/7ef),
where the effective decay timescale is

Td

N 14

Te

This modified decay timescale reflects the competition
between Ohmic dissipation and the chiral magnetic ef-
fect. k5L < 1 that slow down the dissipation (and that is
what we mostly see). If ks L = 1, then the effective decay
timescale diverges, meaning that we stop completely the
dissipation, and if k5L > 1 ... The ks correction has a

substantial dynamical impact and depends on both the
sign and magnitude of the magnetic helicity. In particu-
lar, dissipation is enhanced when kks; < 0, reduced when
kks > 0, and can vanish altogether in the marginal case
k = ks (this is a divergence actually).

We next examine the time evolution of the mean chi-
ral chemical potential, ug'®. In the figure we plot the
absolute value of this quantity, since us can take ei-
ther positive or negative values depending on the rel-
ative orientation of the electric field and the magnetic
field. We find that the magnitude of the volume-averaged
chiral chemical potential, [p5 ®], is primarily determined
by the initial magnetic-field configuration and remains
nearly constant throughout the evolution. In the most
favorable case—the Monohel run, |u;" #| reaches values of
order 10712 MeV, which is extremely small in the con-
text of CME studies. In the Bihel, Mixhel, Angfluc,
and radfluc runs the magnitude decreases to about
107 — 10715 MeV, while it is identically zero in NoCME
(see also Table [I).

We find that the value of the |u:'®| determines the
effective decay timescale of the mean magnetic field
through the parameter k;. Consequently, runs with
larger values of k5'® exhibit slower magnetic-field decay.
This explains why the helical run decays most slowly: it
has the largest k5'® and therefore the smallest value of
|k — k5|, which leads to the largest Teg. A similar corre-
spondence between the decay rate of the magnetic field
and the initial value of k5" is observed for the other runs.



In order of decreasing decay timescale, the runs follow the
sequence: Monohel, Bihel, Mixhel, Angfluc, Radfluc,
and finally NoCME, for which k2"® = 0 and 7o = 74.

The time evolution of the dipolar magnetic field, shown
in the left panel of Fig. [0} differs significantly among the
various runs. In NoCME, no amplification of the dipo-
lar component is observed, as the CME is inactive and
therefore unable to redistribute magnetic energy across
spatial scales. This behavior is consistent with the van-
ishing value of ps, indicated by the black curve. In con-
trast, all other simulations show a clear growth of the
dipolar field, correlated with pronounced fluctuations in
pP2* (indicated by the colorbar).

As already reported in [I], three distinct stages char-
acterize the evolution of the dipolar component. During
the initial phase (¢ < 0.1 yr), the helical run exhibits
only a marginal increase in the dipolar field, as the chiral
asymmetry is still developing from the initially turbulent
magnetic configuration. A similar early behavior is ob-
served in the Bihel and Mixhel runs; however, in these
cases the growth is more pronounced, which can be at-
tributed to their larger values of |u2®*|. For the Monohel
run, this initial stage is followed by a gradual growth
phase lasting several decades, and subsequently by a sec-
ond phase of exponential amplification extending over
several more decades. We interpret this latter phase as
the onset of the chiral magnetic instability (CMI), with
the growth approximately following o exp(t/75), where

75 = 1/(nkks®™) (15)

is driven by the maximum value of the chiral chemical
potential p2@*. The field saturates at B > 10 G af-
ter ~ 100 yr, in agreement with typical magnetar field
strengths.

In Bihel, the exponential growth phase begins earlier
and proceeds more rapidly, leading to saturation at B 2,
10 G within only a few decades. In contrast, the mixed
run initially follows a similar growth trend to the Bihel
case, but saturates at an earlier time, around B ~ 104 G,
and subsequently enters a decay phase that is faster than
expected from standard Ohmic dissipation alone. This
accelerated decay once the dipolar field reaches ~ 10 G,
results from the CME actively destroying the large-scale
field due to the anti-alignment of the electric current with
the magnetic field. This mechanism will be discussed in
more detail in the following section.

In contrast, the maximum value, |p**
pronounced temporal variations. Larger values of |u
indicate localized regions where the magnetic field is
strongly helical, even though the net magnetic helicity
remains close to zero. Since we plot the absolute value of
||, the presence of localized regions with positive he-
licity necessarily implies the existence of other regions
with negative helicity, resulting in a nearly vanishing
global helicity. We find that |uf®*| reaches values of or-
der 10719 MeV at early times (¢ < 1 yr) in the runs with
nearly zero net magnetic helicity, namely the Bihel and
mixed runs. It then decreases to about 10~ MeV after
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FIG. 7: Time evolution of the characteristic timescales
in the neutron star crust. The dotted, dashed, and solid
black curves correspond to the Hall (73,), Ohmic (74),
and chiral (75) timescales, respectively. The color bar
denotes the mean temperature evolution. Vertical green
dashed lines indicate the epochs at which the
temperature reaches T ~ 3 x 10° K and T ~ 10° K.

several decades of evolution. By contrast, in the helical
run |p2%*| remains lower, of order 107! MeV, and stays
approximately constant over the entire simulated time
span of a few centuries.

C. Timescales

The characteristic timescales relevant to the interior of
a neutron star crust are the Ohmic diffusion timescale,
the chiral timescale, and the Hall drift timescale, defined
as

L? L L?
Td = —, T5 = , THh = .
77|k5| thrms

Here, L denotes a characteristic magnetic length scale,
such as the radius of curvature of the magnetic field lines.

In the present simulations, the Hall term is neglected.
This choice is motivated by two main considerations.
First, our aim is to isolate and examine the effects of
the CME for different magnetic field configurations and
helicity content. This becomes challenging when both ef-
fects are included simultaneously, since in the presence of
magnetic helicity the Hall term is expected to induce an
inverse cascade [20], while the CME likewise generates
an inverse-like cascade [I], both operating in the inte-
rior of a neutron star crust. Consequently, both mecha-
nisms drive the transfer of magnetic energy from smaller
to larger spatial scales, and their simultaneous inclusion
would hinder a clear separation of their individual contri-
butions. The second reason for neglecting the Hall term
at this stage is of a numerical nature. Simulations that in-
clude both effects simultaneously require more advanced
numerical techniques than those currently implemented

(16)



in the present version of the MATINS code. To our knowl-
edge, simulations accounting for the combined action of
the Hall term and the CME have not yet been explored
in the literature.

To assess whether the Hall term could significantly
influence our results, we examine the characteristic
timescales relevant to the interior of a neutron star
crust. These are the Ohmic diffusion timescale, the chi-
ral timescale, and the Hall drift timescale, defined in
Eq. . Figure |7| shows the temporal evolution of the
characteristic timescales operating in the interior of a
neutron star crust during the first 100 years of its evolu-
tion. The Hall timescale, 7, is represented by the dot-
ted black line, the Ohmic diffusive timescale, 74, by the
dashed black line, and the chiral timescale, 75, by the
solid black line. The color bar indicates the cooling of the
mean temperature value, while the vertical green dashed
lines mark the epochs at which the temperature reaches
approximately 2 x 10° K and 10° K, respectively. The
results are presented for the Radfluc run.

During this early evolution, the neutron star undergoes
thermal relaxation, during which the temperature de-
creases rapidly from ~ 10'° K to ~ 10° K as the crust and
core approach quasi-isothermal equilibrium [47]. This
rapid temperature drop is reflected in the evolution of the
magnetic diffusivity, which decreases as the star cools,
and is consequently manifested in the Ohmic and chi-
ral timescales, 74 and 75, due to their dependence on 7.
The jumps observed in 74 and 75 reflect variations in the
magnetic diffusivity, which are most pronounced at early
times and become progressively less significant as the
star cools. These changes are computed self-consistently
within the MATINS code. In contrast, the Hall timescale
remains largely unaffected by the temperature evolution.

The Ohmic timescale is several orders of magnitude
longer (slower) than both the Hall and chiral timescales.
In contrast, the Hall and chiral timescales exhibit a
strong interplay. During the first few months of the neu-
tron star’s evolution, the chiral timescale is shorter than
the Hall timescale. As the star cools during thermal re-
laxation, there is a brief period (¢ = 0.2-0.5 yr) during
which the two timescales become comparable. Subse-
quently, as cooling proceeds, the chiral timescale slows
relative to the Hall timescale, which becomes faster by
roughly a factor of two.

This behavior persists until the star reaches an age of
approximately 30 years, at which point the Hall timescale
increases significantly, whereas the chiral timescale re-
mains nearly constant, with only a gradual increase due
to the slow decrease of kf'®*. The divergence between
the timescales at this stage results from the CME trans-
ferring magnetic energy to larger scales, which causes
the characteristic magnetic length scale L to increase
rapidly. Since 7, o L? and 75 « L, the growth of L
impacts the Hall timescale more strongly, leading to its
pronounced increase. The same effect also applies to the
Ohmic timescale (74 o< L?), which becomes progressively
slower as L grows.

12

Finally, we note that in the present evolution, changes
in the characteristic magnetic length scale L due to the
Hall effect are not explicitly accounted for, which could
alter the evolution of the timescales. It is also impor-
tant to emphasize that the Hall timescale does not di-
rectly depend on whether the magnetic field is helical or
non-helical; this information is instead encoded in the
value of k2'** and, consequently, in the chiral timescale.
This distinction is crucial because, in regions where the
CME is most effective, the magnetic field is aligned with
the electric current (see Section . Therefore, in lo-
cally force-free regions, the Hall term is not expected to
significantly affect the CME-driven evolution. A com-
prehensive assessment of both effects simultaneously is
important and will be addressed in a follow-up study.

V. DISCUSSION

In the presence of a very strong magnetic field with
B 2z Bqgp, all electrons occupy the LLL and can
move only along the direction of the magnetic field.
As the magnetic helicity relaxes, an electric field is in-
duced, resulting in a non-vanishing E - B. Assuming
E - B > 0, a right-handed electron is converted into a
left-handed electron by reversing the direction of its mo-
mentum. The left-handed electron then moves upward,
outside of the LLL and this happens thanks to the chi-
ral anomaly. Once electrons leave the LLL, they can flip
chirality, thereby significantly reducing the chiral asym-
metry. Nevertheless, this very small chiral asymmetry
that is on the order of 107! MeV can induce significant
variation in the magnetic field evolution, especially in
transferring the magnetic energy between different spa-
tial scales. This scenario has been proven very effective
in the context of neutron star long-term evolution, in the
presence of a helical magnetic field [I].

The helicity content of the magnetic field at neutron-
star birth remains uncertain. If the chiral magnetic effect
operates during core collapse, the initial chiral asymme-
try can be converted into net magnetic helicity as the
system relaxes toward chemical equilibrium [I2]. In con-
trast, standard MHD scenarios preserve reflectional sym-
metry, so that an initially non-helical field develops mir-
ror structures of opposite handedness, allowing magnetic
energy to grow while the net helicity remains negligible
[16H18)].

Motivated by these uncertainties, we explore a range
of plausible magnetic configurations representative of
newborn neutron stars, in which the magnetic energy
is predominantly concentrated at small scales, as ex-
pected from dynamo models. We systematically vary
both the initial helicity content and its spatial distri-
bution, thereby covering a broad spectrum of possible
helicity configurations at birth. Within this framework,
we investigate how different helicity configurations in-
fluence the development of the CME and, consequently,
affect the long-term evolution of the magnetic field over



neutron-star timescales.

Both initially helical magnetic fields (e.g., the Monohel
run) and non-helical configurations (i.e., the other se-
tups described in Section are capable of triggering
the CME, which subsequently drives the long-term evo-
lution of the magnetic field. In all cases, we find that the
CME can amplify the large-scale dipolar component from
typical pulsar strengths of a few 10'? G up to magnetar-
level fields of a few 10'* G within a century, provided that
the instability develops on timescales shorter than Ohmic
dissipation. Notably, non-helical configurations—such as
the Bihel run, which is likely more representative of the
magnetic field at birth—are found to be more efficient
and faster in generating strong dipolar fields compared
to initially helical configurations like Monohel. This be-
havior indicates that the onset of the chiral magnetic
instability is primarily governed by the peak value of the

chiral chemical potential, p5'®*, rather than its volume-

averaged value, pg"®.

An additional key factor is the characteristic size of
the regions carrying magnetic helicity. When the helicity
fluctuates on very small spatial scales (i.e., << 1km), as
in Radfluc setups, the associated chiral chemical poten-
tial varies rapidly between positive and negative values
over short distances. In this regime, no coherent region
with a sufficiently large p2*** can develop to drive the in-
stability. Instead, the rapid spatial oscillations effectively
mimic a configuration with a nearly vanishing, spatially
uniform ps, thereby suppressing the CME. This behavior
is particularly evident in the Radfluc run, where helicity
fluctuations occur on scales of ~ 0.06 km within a crustal
thickness of ~ 0.86 km, leading to an effectively averaged-
out chiral asymmetry. A similar effect is observed in the
Angfluc run, although it is less pronounced due to the
larger characteristic size of the helicity-carrying regions.

On the other hand, larger coherent regions of order
~ lkm—arguably a more realistic scenario (see also
Reisenegger [52)—can sustain sufficiently large local val-
ues of us to trigger the CME. In such cases, the instabil-
ity enables an efficient transfer of magnetic energy from
small to large scales, ultimately leading to the formation
of a stable, large-scale dipolar field.

These results point to a promising pathway for mag-
netar formation, in which a broad range of small-scale
magnetic field configurations—whether initially helical
or not—can give rise to strong, large-scale dipolar fields
through the action of the CME. This implies that the
CME should be systematically considered in studies of
magnetic field evolution in neutron-star interiors, as its
impact is self-regulated by the local conditions of the sys-
tem. In particular, when the magnetic field is sufficiently
strong and structured on small spatial scales such that
the CMI develops on timescales shorter than Ohmic dis-
sipation (see Fig. , efficient amplification toward large
scales can occur, leading to magnetar formation. Con-
versely, when the resulting large-scale field is unstable
and decays over time—as in the Radfluc and Angfluc
cases—this may instead give rise to other classes of neu-

13

tron stars, such as low-field magnetars or Central Com-
pact Objects, which are characterized by strong but pre-
dominantly non-dipolar magnetic fields. By contrast, if
the initial magnetic field is too weak, as is likely the case
for typical rotation-powered pulsars, the CME is not ef-
ficiently triggered, thereby preventing any significant re-
organization of magnetic energy toward large scales.
Finally, it is important to emphasize that future stud-
ies should incorporate additional physical processes, in
particular studying the CME and the Hall effect simulta-
neously, in the evolution of the magnetic field. More im-
portantly, a key missing ingredient is a systematic assess-
ment of the magnetic helicity generated at birth. Proto-
neutron star dynamo models have extensively studied
the resulting magnetic field configurations, but the as-
sociated helicity has received little attention. Both the
geometry and helicity established at birth are crucial, as
the diversity of dynamo mechanisms can set the initial
conditions that ultimately determine the neutron star’s
evolutionary pathway and observational class.
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Appendix A: Initial magnetic field and helicity
distribution

To define the initial magnetic field configurations de-
scribed in Section [[TI, we decompose the magnetic field
into poloidal (B)) and toroidal (B;) components [53]:

B=B,+B, (A1)
Bt:—TXV\I’, At:—TXV(I),
B, =V x A = rAd+ Va2 (r®),  (A2)
r

where A; is the toroidal vector potential. The two scalar
functions ®(r,t) and ¥(r,t) uniquely define the poloidal
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and toroidal components, respectively. Next, we expand
the scalar functions in spherical harmonics [54]:

Bt,1,0,6) = 3 B (7, )¥in (6,0,

Im

Wt 0,0) = -3 Ui 0¥in(6,6),  (A3)
Im

where £ = 1,2, ... denotes the multipole degree and m =
—/¢,...,¢ the azimuthal order.

We define the radial poloidal
& (r,t=0), as:

scalar function,

Do (r) = ®Y kyr (a + tan(k,R)b), (A4)
where the coefficients a and b are chosen to satisfy
the inner and outer boundary conditions [55], and ®9
is the normalization factor for the poloidal function.
The radial wavenumber k., is taken in the range k, =~
400-450km ™", chosen to balance the fastest-growing
CME modes against Ohmic dissipation (see also Fig. 3
of [1]). This parameter is particularly important in the
radial direction, where both Ohmic dissipation and the
CME are highly sensitive to microphysical properties
that vary significantly with density.

The normalized coefficients <I>2m and \I/‘gm set the rel-
ative amplitudes and phases of the poloidal and toroidal
components for a given ¢ and m, thereby controlling the
distribution of magnetic energy across spatial scales. To-
gether with the relative phases, they influence the local
sign and spatial pattern of the magnetic helicity, which
also affects the characteristic size of magnetic helicity
structures. For helical configurations (e.g., the Monohel
run), the poloidal and toroidal components are intrinsi-
cally linked by construction [26]. Accordingly, we define
the radial toroidal scalar function, ¥(r,t=0), as

\I/gm (7“) = Qym (I)gm (’I“), (A5)
where, for a conservative choice, we adopt g, =
VA +1)/R, with R denoting the radius at the surface
of the computational domain. For a maximally helical
configuration, one would instead set oy, = k. In the
Monohel run, ¥9  is equal to ®) .

To avoid imposing an initial net magnetic helicity
by construction, we define the normalized poloidal and
toroidal coefficients, <I>l9m and \Ilgnw independently—i.e.,
without introducing correlations between them—for the
Bihel, Mixhel, and Angfluc runs. We also ensure that

14

the characteristic size of magnetic helicity structures de-
creases in the angular direction across these runs. In the
Bihel run, opposite signs of magnetic helicity are en-
forced between the northern and southern hemispheres,
producing mirror-symmetric structures that cancel out
globally, yielding negligible net helicity. In Mixhel and
Angfluc simulations, the local helicity varies randomly
between positive and negative, resulting in configurations
with negligible net helicity (as illustrated in Fig. |3).

For the Radfluc run, we adopt the same @7 —and
\Ilgm as in the Bihel run, but assign different radial

65°
L\
oo
1 Le0\
0.5
o000l
> 0 ~-oo
':::..
-
-0.5 '...!"

FIG. 8: Meridional profile of the normalized magnetic
helicity for the Fluctuations runs in the angular interval
65° < 0§ < 115°. The crust is radially magnified by a
factor of 8 for improved visualization.

wavenumbers to the poloidal and toroidal scalar func-
tions, with kP°! ~ 400 and k!* ~ 450. This produces
small-scale, localized helicity fluctuations in the radial
direction while maintaining an approximately vanishing
net helicity. Fig. |8 shows the meridional profile of the
normalized local magnetic helicity, x(r,6, ¢, %), in the
angular interval 65° < 6 < 115°, highlighting the strong
spatial fluctuations of magnetic helicity across the crustal
layers.

Finally, we employ the curl operators adapted to
cubed-sphere coordinates [45] and derive the magnetic
field components from the poloidal and toroidal scalar
functions using Eq. (A2). This approach guarantees an
initial magnetic field that is divergence-free (to machine
precision), free of axis singularities, and intrinsically he-
lical—a crucial property for studying CME-driven mag-
netic evolution.
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