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ABSTRACT

Context. The braking index measurements of hundreds of pulsars, despite the observational caveats, show a clear trend: n < 3 at
early ages, n > 3 at middle ages, and increasingly large, fluctuating values at larger characteristic ages. Crustal magnetic fields in
isolated neutron stars evolve through Ohmic dissipation and non-linear Hall redistribution across scales, with additional early-time
contributions from the chiral instability and from post-burial re-emergence. Initial conditions are usually assumed dipole-dominated,
whereas more complex and realistic fields, with energy spread more evenly over a broad range of scales, have not been explored in
the context of the braking index.

Aims. We assess how the internal dynamics of initially non-trivial crustal fields change the dipolar field strength and obliquity, and
compare their combined contribution to the braking index n, together with that of the expected alignment, with the observed values.
Methods. We perform long-term 3D magneto-thermal simulations, for initial configurations ranging from the standard dipole-
dominated case to tangled, small-scale-dominated fields.

Results. Small-scale dominated configurations with relatively weak dipolar components tend to show rich dynamics: the dipolar mode
is continuously fed by the small scales and may grow or decay depending on the initial spectrum, driving n < 3 or n > 3, while the
obliquity varies on timescales as short as O(kyr). These spontaneous changes often dominate the alignment torque, and can account
for the large, sign-alternating braking indices observed at characteristic ages 7, 2 10° yr, unlike the dipole-dominated cases.
Conclusions. Small-scale initial conditions can reproduce the large values of n — 3, of either sign, observed at late ages. However,
short-term magnetospheric fluctuations or superfluid-driven variations of the torque may still be needed to explain the available
measurements and the structured timing residuals quantitatively. Future work comparing the observed timing properties in detail

could fine-tune the most promising initial configurations.

Key words. pulsars: general — magnetic field — stars: neutron

1. Introduction

Recent magnetohydrodynamic (MHD) simulations mimick-
ing the post-core-collapse supernova environment have sub-
stantially improved our understanding of magnetic-field am-
plification in proto-neutron stars (e.g., Obergaulinger et al.
2014; Aloy & Obergaulinger 2021; Reboul-Salze et al. 2021;
Masada et al. 2022; Matsumoto et al. 2022; Barrere et al. 2025).
These studies indicate that neutron stars are born with complex
magnetic configurations, in which the magnetic energy is dis-
tributed over a broad range of spatial scales and is dominated
by non-axisymmetric and toroidal components, rather than by
large-scale dipoles or similarly simple configurations commonly
adopted as initial conditions in long-term evolution studies of
neutron stars.

The magneto-thermal evolution of isolated neutron stars (see
Pons, Dehman, & Vigano 2026 for a recent review) is shaped
by two distinct processes acting on the crustal magnetic field:
the Hall effect and Ohmic dissipation (Goldreich & Reisenegger
1992). In addition, at early times, and when small-scale struc-
tures are well resolved, the chiral magnetic effect (CME) can
efficiently transfer magnetic energy from small to large scales
(Dehman & Pons 2025; Dehman 2026). Thereafter, the secular
evolution is governed by Hall-Ohmic dynamics, under which

the redistribution of magnetic energy occurs predominantly
on small scales (Wood & Hollerbach 2015; Gourgouliatos et al.
2016; Dehman et al. 2023b): small-scale structures are particu-
larly susceptible to Ohmic dissipation and are continuously re-
generated through the Hall cascade, whereas large-scale current
loops (i.e., low-£ magnetic multipoles) are comparatively long-
lived. Ohmic and Hall contributions therefore reach a balance at
high ¢ (small scales), producing a spectral slope of £~ (where £
denotes the spherical harmonic degree), while the low-¢ part of
the spectrum tends to preserve the imprint of the field configura-
tion at the onset of this Hall-Ohmic phase — not necessarily the
configuration present at birth, since the CME may have already
reshaped the large-scale field beforehand.

This low-¢ persistence does not imply that any particu-
lar low-{ configuration is universal. The so-called Hall at-
tractor — a poloidal field dominated by ¢ = 1,3 plus an
¢ = 2 toroidal component, found in several simulations
(e.g., Gourgouliatos & Cumming 2014a,b; Wood & Hollerbach
2015; Bransgrove etal. 2018) — is itself the outcome of a
specific choice of large-scale configuration at the start of
the Hall-Ohmic phase: typically a dipolar (¢ = 1) poloidal
field tightly Hall-coupled to a quadrupolar (¢ = 2) toroidal
one, whose mutual coupling generates the additional £ = 3
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poloidal component characteristic of the attractor. By contrast,
3D pseudo-equilibrium (Ohmic+Hall) configurations starting
from complex, non-axisymmetric, non-dipole-dominated fields
(Gourgouliatos et al. 2016; Dehman et al. 2023b) are consider-
ably more dynamic and tangled: poloidal and toroidal multipoles
continuously exchange energy, and the resulting configuration
does not necessarily resemble this Hall attractor.

Given this sensitivity to the field entering the Hall-
Ohmic phase, the configuration at that stage has been the
main multi-dimensional degree of freedom explored by pre-
vious studies — most of which neglect the CME and in-
stead prescribe, by hand, specific large-scale-dominated con-
figurations chosen to capture a range of evolutionary scenar-
ios. These include: configurations dominated by a large-scale
toroidal dipolar component, which favour specific Hall instabil-
ity modes (Gourgouliatos & Pons 2019) and produce magnetic
spots at the poles, as required by some radio-emission models
(Geppert & Vigano 2014); toroidal quadrupolar-dominated se-
tups leading to dipolar-field growth compatible with the braking
indices observed in young pulsars (Gourgouliatos & Cumming
2015); small-scale fields in the context of central com-
pact objects (Gourgouliatos et al. 2020; Igoshev et al. 2021a;
Dehman et al. 2023b); and dipolar-dominated configurations
with a quadrupolar toroidal component, used as a practical
benchmark scenario (Vigano et al. 2012, 2021; Dehman et al.
2023c). The latter has been used to test different background
electron velocity profiles (Gourgouliatos & Cumming 2014a,b),
to compare with observed luminosity and timing properties
(Vigano & Pons 2012; Vigano et al. 2013; Marino et al. 2024),
and to study the corresponding temperature maps, hotspots, and
thermal X-ray light curves (Igoshev et al. 2021b; Ascenzi et al.
2024).

The memory of the initial configuration has a clear phys-
ical origin. Since the magnetic field is not replenished by dy-
namo action, and Hall redistribution is limited both by the small
crustal thickness (~ 1 km, i.e., ~ 10% of the stellar radius) and
by the non-zero resistivity, the choice of large-scale configura-
tion at the onset of the Hall-Ohmic phase largely determines to
what extent large-scale current structures dominate throughout
the subsequent evolution. Indeed, while the CME-driven inverse
cascade has been shown to operate effectively (Dehman & Pons
2025; Dehman 2026), the Hall inverse cascade itself is confined
to scales of order a few tens in £, unable to reach lower-¢ (larger-
scale) modes — a limit set by the extreme aspect ratio of the
neutron-star crust (Dehman & Brandenburg 2025).

One so-far scarcely studied consequence of such realistic
configurations is that a non-dominant poloidal dipolar compo-
nent, which nonetheless determines the spin-down evolution, can
spontaneously change direction, similarly to what happens in
convective dynamo-hosting objects (e.g., Jackson et al. 2000 for
the Earth). This drives an evolution of the angle a (known as
the obliquity or inclination angle) between the spin axis and the
dipolar magnetic moment. Such magnetic-axis drift has indeed
been observed by Gourgouliatos & Hollerbach (2018) in 3D
simulations of the early evolution of initial configurations domi-
nated by a large-scale toroidal field, who related it to the secular
changes observed in the pulse profile of the Crab pulsar, and to
the braking indices measured in young pulsars (Espinoza et al.
2011).

Motivated by the lack of systematic studies in this regard, we
investigate a small but representative variety of initial magnetic-
field configurations, ranging from a small-scale-dominated case
whose dipolar component is initially negligible, through the
typical pulsar range, up to a single higher-field case probing
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the magnetar regime. In contrast to Gourgouliatos & Hollerbach
(2018), who considered a single, large-scale initial configura-
tion, we span two opposite extremes — nearly pure dipoles,
and strongly non-axisymmetric, small-scale-dominated config-
urations motivated by realistic core-collapse simulations — al-
lowing us to assess how robust this spontaneous obliquity
drift is to the assumed initial magnetic structure. Other pre-
vious efforts along these lines mostly focused on the evo-
lution of the surface dipolar intensity only, By, in either
axisymmetric (Pons et al. 2012; Viganod & Pons 2012) or 3D
(Gourgouliatos & Cumming 2015) simulations, or relied on
semi-analytical models (Igoshev & Popov 2020).

For each case, we follow the long-term evolution of the mag-
netic field and obliquity using the publicly available state-of-the-
art 3D magneto-thermal code MATINS' (Dehman et al. 2023c;
Ascenzi et al. 2024). We aim to assess how short the sponta-
neous obliquity-evolution timescale can be, and to compare it
with both the B;-evolution timescale and the timescale of mag-
netospheric torque feedback (Philippov et al. 2014), which is of-
ten invoked instead to prescribe the long-term obliquity evolu-
tion. Finally, we compare our results with the measured brak-
ing indices, which deviate from the canonical » = 3 in an age-
dependent manner, keeping in mind that short-term variations
arising from purely magnetospheric dynamics, rather than from
the mechanism studied here, are expected to be the main con-
tributors to the observed timing noise.

In Sect. 2, we summarize the essential observational con-
straints available from pulsar timing; in Sect. 3, we introduce the
different physical contributions to the timing properties, and to
the braking index in particular; in Sect. 4, we present the numer-
ical setup; in Sect. 5, we show the results of the simulations; and
in Sect. 6, we summarize their implications.

2. Braking index: measurements and caveats

The braking index n is a commonly used diagnostic of pul-

sar spin-down evolution, offering a first-order probe of the

physics governing the underlying magnetospheric torque (e.g.,

Espinoza et al. 2017). It is defined through Q o« —Q", i.e.,
QG pp

_ =2_ —,

e R ®

n

where Q, Q) and P, P are the first and second time derivatives of
the spin angular frequency Q and spin period P = 271/Q, re-
spectively. For a standard magnetic dipole braking, with con-
stant magnetic field strength and inclination angle, and no ad-
ditional torque variations due to e.g. magnetospheric or internal
superfluid dynamics (see below), one has n = 3 (see Sect. 3).
However, the measured braking index almost always deviates
significantly from this standard value, with a clear correlation
between the deviation |n| and the characteristic age 7. of a radio
pulsar (Pons et al. 2012; Parthasarathy et al. 2019, 2020). Values
of n < 3 are of particular interest, since they imply a growing
magnetospheric torque. Conversely, n > 3 is naturally explained
by a decrease of it, which can be consistent with a decay of the
dipolar magnetic field component By, typically expected to occur
on a timescale of ~ 10° yr (see Sect. 3.1 for a detailed discus-
sion).

While Q and Q are associated with tiny relative errors
(short-term variations aside, as induced by glitches and mag-
netar outbursts), Q) is much harder to estimate reliably, both
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Fig. 1. Observed braking index positive (blue) and negative (orange) de-trended deviations from n = 3. We show |n — 3|/7. as a function of the
characteristic age (left), and |n— 3|/, distributions for middle-age (center) and older pulsars (right). Error bars are shown in the left panel, although
mostly comparable to or smaller than the marker size, given our selection cut on the relative uncertainty of »; individual measurement errors are

not shown in the binned distributions of the center and right panels.

because it is usually intrinsically small and because its mea-
surement is highly sensitive to the baseline of the timing solu-
tion (Cordes & Helfand 1980; Hobbs et al. 2010; Ou et al. 2016;
Parthasarathy et al. 2019) — even for the cases (usually young,
energetic pulsars) for which the timing solution and the esti-
mate of n are more reliable (Zhang & Xie 2012). This is indica-
tive of an underlying physical complexity in the torque dynam-
ics, also often visible in structured timing residuals, and points
to torque fluctuations on a variety of timescales that can be as
short as months to years (Ou et al. 2016). As a consequence, in
many cases the reported n takes large positive or negative val-
ues regardless of the (often large) associated uncertainties, indi-
cating that short-term torque variations dominate over the long-
term secular evolution in shaping Q and n. Dedicated studies
exist on the determination of n, for which we refer the reader
to the recent review by Abolmasov et al. (2024), and to, e.g.,
Hobbs et al. (2004); Biryukov et al. (2007); Hobbs et al. (2010);
Parthasarathy et al. (2019, 2020) for further observational work
on pulsar timing irregularities and braking-index measurements.

With the caveats above in mind, we compiled braking-
index measurements from the ATNF pulsar catalogue
(Manchester et al. 2005) as of June 2026, applying the fol-
lowing selection criteria: we exclude the bulk of recycled
millisecond pulsars with an accretion history (which alters
the rotational evolution) by considering only pulsars with
P > 15 ms, and we retain only measurements with a relative
error on n — propagated from the reported  uncertainty —
below 50%.>

Fig. 1 shows the observed distribution of braking indices as
a function of characteristic age, separating the sample (440 ob-
jects) into pulsars with n > 3 (blue, decreasing torque) and n < 3
(orange, growing torque). The left panel shows values of n of or-
der unity only for ~kyr-old pulsars, with much larger positive
and negative values that linearly correlate with the characteris-
tic age 7., in agreement with previous studies (Pons et al. 2012;
Parthasarathy et al. 2019, 2020) and with the definition of n it-
self (see below). Notably, while previous studies have generally
stressed a roughly even split between positive and negative brak-
ing indices, we find an overall slight excess (58%) of n > 3 cases.
Such excess is significant and is clearly not uniform across ages:
the central and right panels of Fig. 1 show the de-trended distri-
bution of braking-index deviations, [n—3|/7., for pulsars middle-

2 Pons et al. (2012) considered a sample ~ 4 times smaller than ours,
filtering the by-then available data with a reported € uncertainty < 10%.
Overall, changing the uncertainty filter leads to similar trends and his-
tograms.

age (3 kyr < 7. < 100 kyr) and older (. > 100 kyr) pulsars. This
quantity factors out, by construction, the implicit linear depen-
dence of (n—3) on 7. mentioned above; it therefore represents the
inverse of the variation timescale associated with the underlying
physical mechanism, allowing a more meaningful comparison
between pulsars of different ages.

From the histograms, we find a significant excess (78%) of
positive values n > 3 for the middle-age population, with values
typically |z — 3|/7. ~ 0.3 — 10. This excess arises predominantly
from middle-age pulsars (7. ~ 20 kyr), with negative values ap-
pearing both at very young ages, and when approaching 100 kyr.
This excess marks a sharp contrast with the handful of younger
pulsars 7. < 3 kyr, which all show n < 3, as shown by previ-
ous dedicated studies with reliable n estimates (Espinoza et al.
2011 and references therein), indicating a growing magneto-
spheric torque. Older pulsars show another distribution yet, with
more even distribution of large positive (~ 55%) and negative
(~ 45%) values of n — 3. Qualitatively, the picture that emerges
is an increase of the magnetospheric torque at young ages,
previously explained by magnetic-field fallback burial and re-
emergence (Muslimov & Page 1996; Ho 2011; Vigano & Pons
2012; Pons et al. 2012; Igoshev et al. 2016), or by inverse cas-
cade in simplified setups (Gourgouliatos & Cumming 2015).
This is followed by a predominant, but not universal, torque de-
crease at middle age, which converges to a more random distri-
bution of large n values at late ages.

Note also that the presence of a wide-orbit, unseen compan-
ion can contribute to large-amplitude oscillation in the values of
n, and such companions could be expected in a minority of cases
(Igoshev & Popov 2020 and references within).

Admittedly, the systematic errors associated with Q could
also be a fundamental factor in broadening the distribution
shown here: the reported errors have not necessarily been in-
ferred in the same way, and only a few dedicated studies ex-
ist with a homogeneous and more reliable timing-uncertainty
assessment (Hobbs et al. 2010). For instance, a careful system-
atic analysis restricts the sample of measured values by more
than one order of magnitude: it consists of only 19 young pul-
sars (two of which are negative, and all with || < 100) in
Parthasarathy et al. (2019, 2020). Although such observational
caveats are not easily disentangled from physical effects, they
are unlikely to be the main driver of the peculiar 7.-dependent
deviations from n = 3. These limitations prevent us from having
a clear view of how the distribution of n is shaped solely by the
torque dynamics rather than observational uncertainty.

Keeping these caveats in mind, in the following we investi-
gate, via 3D magneto-thermal simulations, how much the oblig-
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uity and B, evolution can contribute to the observed distribu-
tion of n in middle-age pulsars, assuming the standard spin-down
model presented in the following section. We restrict the study
to ages < 10° yr (but characteristic ages 7. which can be sub-
stantially larger depending on the model, see below), for which
our evolutionary models are more numerically stable and phys-
ically reliable, and for which the n distribution is less prone to
dispersion from overlooked systematic errors on €.

3. Physical contributions to braking index values

The rotational evolution of an isolated neutron star is obtained
by equating the rotational energy losses, —E = —IQQ, where I
is the moment of inertia, to the spin-down power associated with
the electromagnetic torque (see e.g. Deutsch 1955 for vacuum,
Spitkovsky 2006 for force-free magnetospheres):
RS f, B3O
P = 103 W, 2)
where R is the stellar radius, c is the speed of light, f, is a func-
tion of the obliquity @, and ‘W is a generic, order-unity function
accounting for short-term (indicatively, weeks to years) varia-
tions power output, hereafter referred to as a “wobble” term.
Some possible physical origins are summarised in Sect. 3.3 be-
low: in brief, it represents relatively fast phenomena contributing
to the timing noise and unrelated to the long-term interior evolu-
tion. Hence, we can write
RO
7 3)

The function f, would be (2 sin® @)/3 in the unrealistic vacuum
case (Deutsch 1955), while, for force-free magnetosphere we
adopt in this and previous works, it is (Spitkovsky 2006)

Pp =

Bif,W.

fox1+sin’a. 4)
The braking index can then be written as
1 1 1
n=3—‘rc(—+—+—), 5)
T3 Ta Tw

where 7. = P/2P is the characteristic age, T, is the timescale as-
sociated with obliquity variations, 7 is the timescale associated
with the B, evolution, and 7y is the timescale associated with
the short-term power variations:

1 fu dsina sina

— =22 =4 —, 6

Ta fa dt sin*a+1 ©)
1 By

— =4= 7

=43, @)
1 w

—=2— ®)

TWw w

These timescales are signed: an increase (decrease) of By, f,, or
W contributes towards values n < 3 (n > 3).

Here we assume standard electromagnetic spin-down. This
mechanism dominates over, e.g., gravitational-wave losses for
all observed pulsars, the latter becoming relevant only for large
quadrupole deformations or ultra-fast rotation. The wind brak-
ing model (Tong et al. 2013) is an alternative to the electromag-
netic spin-down model and has been used to model the long-term
evolution of the braking index (Tong & Kou 2017). Since these
models have mostly been applied to magnetars — the class for
which braking-index measurements are also the least reliable —
we focus on the electromagnetic spin-down model only. Never-
theless, note that wind models have been proposed to account for
n <3 (Xu & Qiao 2001).
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3.1. Surface dipolar field evolution

The magnetic energy in the crust is expected to decrease re-
sistively, since no active dynamo can replenish it, and mecha-
nisms such as the CME (Dehman & Pons 2025; Dehman 2026)
or thermoelectric effects can contribute only at very early ages.
If the surface dipolar component B, is dominant and tracks this
global magnetic-field decay on a timescale of ~ 10*~10° yr, a
contribution towards n > 3 is expected. A few studies have
examined this evolution of B; and its imprint on n in detail,
in axisymmetric (Pons et al. 2012; Gourgouliatos & Cumming
2015) and 3D simulations (Gourgouliatos & Hollerbach 2018),
or from semi-analytical approaches (Igoshev & Popov 2020).
In general, three stages can be identified: (i) an early stage
with several mechanisms leading to slight growth of the torque
(see below), consistent with the above-mentioned values for
young pulsars n < 3; (ii) an intermediate stage of near-pure
Ohmic decay, during which » > 3; and (iii) a late stage,
once the interior has cooled to very low temperatures, in which
Hall-induced oscillations of the dipolar component (Pons et al.
2012; Gourgouliatos & Cumming 2014b) drive correspondingly
signed oscillations of n, with amplitudes of several tens at t >
10° yr in the most extreme cases (thus, unable to explain the
much larger values and the trend with 7,).

Similarly, recent simulations accounting for the coupling be-
tween simplified core-field dynamics and crustal evolution show
that giant Hall waves can produce oscillating values of n up to
~ +10 (Bransgrove et al. 2025). The inclusion of more complex
core dynamics (ambipolar diffusion, superfluid—superconducting
components, etc.) is not expected to produce larger varia-
tions, since the core magnetic-evolution timescales are generally
longer than those in the crust (Goldreich & Reisenegger 1992);
even in the more optimistic models that consider initial fast re-
arrangement stage (Gusakov et al. 2020), these timescales are at
most comparable to the crustal ones. Therefore, what drives the
very large positive or negative n values often observed in middle-
age and old pulsars therefore remains an open question, though
the above-mentioned observational caveats need to be kept in
mind.

In contrast, for the ~ dozen young pulsars with reli-
able values n < 3, convincing explanations exist: magnetic
field burial via fallback accretion and subsequent re-emergence
(Ho 2011; Vigano & Pons 2012; Pons et al. 2012; Ho 2015;
Eksi 2017), or a moderate inverse cascade arising from an
initially weak dipole combined with a strong toroidal field
(Gourgouliatos & Cumming 2015). Extending these ideas, other
explanations, not yet specifically studied so far in the context
of effects on timing properties, include the early-time growth of
the dipole driven by the CME through an inverse-cascade-like
process (Dehman & Pons 2025; Dehman 2026), or the evolution
of an initially turbulent, small-scale-dominated field undergo-
ing an inverse cascade (Wareing & Hollerbach 2009, 2010; Cho
2011; Brandenburg 2020; Dehman & Brandenburg 2025). Such
scenarios are assessed and compared with large-scale setups be-
low.

3.2. Obliquity evolution

The obliquity can change for two nearly independent reasons: in-
ternal dynamics, which determine the internal and surface mag-
netic field configuration, and long-term alignment driven by ex-
ternal mechanical torques (possibly accompanied by precession
in the case of structural asymmetries; Igoshev & Popov 2020).
The two effects are largely decoupled, though the magneto-
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spheric configuration should slightly affect the simulated internal
dynamics through the surface boundary condition. Since, cur-
rently, all existing 3D magneto-thermal simulations prescribe a
potential-field solution outside the star, we cannot include this
effects, which is expected anyway to provide minor modifica-
tions to the outcome of this study.

3.2.1. Spontaneous magnetic axis drift

Although neutron stars lack the convective dynamo responsi-
ble for the continuous, short-term variability seen in convec-
tive stars, brown dwarfs, and planets, their magnetic field con-
figuration nonetheless evolves over time. As mentioned above,
the initial field geometry plays an important role in this re-
spect: configurations that start out with most of their energy at
small scales tend to be more dynamically active, undergoing an
inverse cascade due to the presence of initial magnetic helic-
ity (Brandenburg 2020; Dehman & Brandenburg 2025), or due
to early-time chiral anomalies (Dehman & Pons 2025; Dehman
2026). These effects can partially transfer magnetic energy from
small to large scales, enriching the dynamics which already con-
sist of a Hall-like cascade and Ohmic dissipation. In this scenario
the dipolar component is naturally more prone to change its axis.
As a matter of fact, a dipole-dominated configuration is sup-
ported by large-scale current systems, which have greater “in-
ertia” than the small-scale current systems supporting a small-
scale-dominated configuration. In the latter case, the currents
supporting the field fluctuate in space and time, so that their
large-scale average, which determines the large-scale magnetic
field component is also more variable.

Gourgouliatos & Hollerbach (2018) explored the resulting
internal-dynamics-driven obliquity variation with 3D Hall-MHD
simulations in the context of young pulsars, finding results
roughly consistent with the observed gradual changes in the
Crab pulsar’s pulse profile (Lyne et al. 2015). They considered
initial field configurations dominated by large-scale magnetic
structures, evolved over a kiloyear timescale. We aim to fill this
gap by systematically studying this effect over longer timescales
and for a variety of initial configurations, including small-scale-
dominated ones.

3.2.2. Magnetospheric external feedback (alignment)

The magnetospheric torque itself tends to act on the obliquity,
minimizing energy losses by driving the spin and dipole axes
towards alignment. According to the force-free simulations of
Philippov et al. (2014), the obliquity angle evolves as

da
dt

2p6 B2

= —%% sin @ cos & ©)]
consistent with observational evidence for a slow, long-
term alignment of spin and magnetic dipolar axis
(Tauris & Manchester 1998). A caveat is that this torque,
and the prefactor calibrating it, is obtained under the as-
sumption of a purely dipolar surface field (e.g. Spitkovsky
2006; Philippov et al. 2014; Kalapotharakos & Contopoulos
2009). Cases with multipolar inclusions, e.g. quadrupoles
and octupoles, and off-set dipoles have been tested in a few
cases, with minor modifications to the dipole-calibrated torque
(Pétri 2015, 2021). However, to our knowledge, no study has
assessed how this torque coefficient changes for a genuinely
small-scale-dominated surface field, so that we will assume that
the dipolar calibration is universal.

Based on the expected long-term alignment due to the exter-
nal torque, Johnston & Karastergiou (2017) proposed obliquity
decay as a major driver of the observed timing properties of the
pulsar population, while Eksi et al. (2016) used the long-term
obliquity evolution to place constraints on a pulsar with n > 3.

The two obliquity-variation mechanisms differ in a key as-
pect: mechanical alignment systematically reduces the torque %,
and so contributes towards n > 3, whereas the internal mecha-
nism is expected to be essentially random, since it is governed
by Hall-driven internal dynamics alone. If the dipole is initially
subdominant, we expect internal rearrangement of the field via
Hall dynamics or the CME to compete with, or even dominate
over, this external feedback — a competition we investigate in
this study.

3.3. Short-term wobbling

In most spin-down models, short-term variations of the spin-
down power are implicitly assumed to be negligible compared
to the secular, long-term evolution. While this assumption is rea-
sonable for the inferred values of P and P in the majority of pul-
sars, there are several known cases in which the spin-down rate
changes abruptly (e.g. Wang et al. 2020). Moreover, timing noise
(see Sect. 2) affects the inferred second- and higher-order fre-
quency derivatives. Lower et al. (2025) studied such short-term
variability in a sample of hundreds of radio pulsars, finding that
its amplitude correlates with Q.

Physically, such variations may originate from, e.g., stochas-
tic fluctuations in plasma dynamics and the associated mag-
netospheric currents and configuration, from waves propa-
gating through the magnetosphere, or from free precession
(Igoshev & Popov 2020). For instance, Gao et al. (2016) esti-
mated the impact of particle winds on the highly variable, noisy
braking-index measurements of magnetars.

Another contribution to short-term variations may come
from superfluid vortex dynamics (e.g. Alpar & Baykal 2006;
Melatos & Link 2014; Ouetal. 2016; Oliveiraetal. 2018;
Lower et al. 2021; Giigercinoglu et al. 2023; Abolmasov et al.
2024; Giigercinoglu et al. 2026; Giigercinoglu 2026), whereby
crustal vortex (un)pinning dynamics and/or interactions with su-
perconducting flux tubes can intermittently decouple and recou-
ple the superfluid interior from the crust — the component di-
rectly coupled to the external electromagnetic braking. Indeed,
glitches produce a transient increase in the inferred braking in-
dex, up to n ~ 10, which averages out over sufficiently long
timing baselines and does not directly bias the long-term brak-
ing index; independently, young glitching pulsars are systemati-
cally observed to show n < 3 (Espinoza et al. 2017; Lower et al.
2021).

These possible short-term effects are represented by the
order-unity function ‘W in eq. (3), similar to e.g. the funtion
TN(t) introduced by Johnston & Karastergiou (2017). If such
variation timescale is much shorter than the others (tqy <
Tg, Tq), the braking index will naturally attain large positive and
negative values, superimposed on the long-term evolution. The
importance of such short-term fluctuations was already proposed
by Ou et al. (2016) to explain the roughly equal numbers of pos-
itive and negative measured values of €.

Our magneto-thermal simulations cannot model such terms,
so that we can only indirectly infer their relevance by checking
whether the above-mentioned obliquity and B, variations can ex-
plain the observed n distribution, or short-term variations are in-
stead needed.
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4. Long-term 3D magneto-thermal simulations
4.1. Numerical setup

We aim to assess the change in obliquity angle in young and
middle-aged pulsars (< 1 Myr) driven by the long-term internal
dynamics of the magnetic field in the neutron-star crust. Our sim-
ulations directly compute the long-term variation of By, driven
by internal dynamics (Sect. 3.1), and of the obliquity, driven by
both internal dynamics and the alignment induced by the mag-
netospheric torque (Sect. 3.2). Comparing these simulated con-
tributions with the observed braking index distribution then al-
lows us to infer indirectly whether or not they dominate over the
short-term wobbling discussed in Sect. 3.3.

To this end, we perform realistic 3D simulations us-
ing the coupled magneto-thermal evolution code MATINS
(Dehman et al. 2023c; Ascenzi et al. 2024). Specifically, we
solve the induction equation accounting for Ohmic dissi-
pation and the Hall drift term in the crust (Dehman et al.
2023c,b; Dehman & Brandenburg 2025). We neglect the CME
(Dehman & Pons 2025; Dehman 2026), since (i) it is expected
to be relevant only during the first centuries of neutron-star
evolution, whereas we focus here on the long-term evolution
over < 1 Myr, and (ii) resolving it is computationally expen-
sive, requiring finer spatial resolution and correspondingly short
timesteps of order days.

We model the entire neutron-star volume but restrict the
magnetic-field evolution to the crust, as in most quantitative
magneto-thermal evolution studies. Simulations that include
core dynamics do not show faster magnetic-field variations (e.g.
Castillo et al. 2017; Bransgrove et al. 2018; Vigano et al. 2021;
Igoshev & Hollerbach 2023; Castillo et al. 2025; Moraga et al.
2025), although none of them incorporates all relevant physi-
cal ingredients simultaneously, i.e., the coupled effects of nor-
mal, superfluid, and superconducting components together with
ambipolar and Ohmic diffusion. Given these results, and the
timescales at play (Gusakov et al. 2020), core long-term dynam-
ics are very unlikely to contribute to timing noise or to large
braking-index values, as commented above.

We impose potential-field (current-free) boundary conditions
at a mass density of p = 10'° gecm™3, which defines the numer-
ical surface of the star, Rj, located at the base of the liquid en-
velope where it transitions to the solid crust. Since the envelope
is thin (typically ~ 0.01 R; see below for our case) and more
resistive than the crust, it is not expected to host significant elec-
trical currents (unless there are important magnetospheric cur-
rent loops, here neglected). Currents are then mostly confined
to the inner, highly conductive crust (e.g. Vigano et al. 2012,
2013; Pons et al. 2013; Wood & Hollerbach 2015), so that the
magnetic field can safely be assumed to be potential in the enve-
lope. Perfect-conductor boundary conditions are imposed at the
crust—core interface, thereby confining the magnetic field to the
crust. We refer the reader to Dehman et al. (2023c¢) for details on
the magnetic boundary conditions, grid, numerical methods, and
the spherical-harmonic decomposition of the magnetic field.

The thermal evolution is computed by solving the heat-
diffusion equation as described in Ascenzi et al. (2024). For the
blanketing envelope, which provides the thermal boundary con-
dition (Pons et al. 2026), we adopt the model of Potekhin et al.
(2015), which assumes a heavy-element composition (e.g., iron)
and accounts for magnetic-field effects. For a discussion of
the impact of different envelope compositions and magnetiza-
tion on the magneto-thermal evolution, we refer the reader to
Dehman et al. (2023a). Note that not all models presented here
solve the heat-diffusion equation; most instead use simplified
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temperature evolution, as detailed in Sect. 4.4, as a computa-
tional cost compromise.

MATINS incorporates state-of-the-art microphysical ingre-
dients, including the specific heat capacity, conductivities,
and neutrino emissivities (see also Vigano et al. 2013, 2021;
Dehman et al. 2023b; Ascenzi et al. 2024). In particular, the
temperature-dependent anisotropic conductivities are computed
using the IOFFE conductivity code® (Potekhin et al. 2015).
The stellar background in MATINS is constructed using zero-
temperature equations of state (EOSs) from the CompOSE
database.? In this work, we adopt the BSk24 EOS (Pearson et al.
2018), which has been shown to be compatible with a wide
range of low magnetised neutron stars thermal luminosities
(Marino et al. 2024). We consider a canonical 1.4 M neutron
star, yielding a stellar radius of R = 12.59 km, a numerical-
domain radius (envelope bottom) R, = 12.41 km, a crust thick-
ness (solid crust only, excluding the envelope) of 0.83 km, and a
moment of inertia I = 1.97 x 10* gcm?. MATINS also allows for
the exploration of alternative EOSs and stellar masses, but for
the aims of this work (comparing different initial magnetic-field
configurations for a fixed structure) this is not required. We use
the reported values of 7 and R throughout for self-consistency,
noting that the relevant combination //R® typically varies by a
factor < 3 across different EOSs and masses, which would not
qualitatively change our results.

We follow the evolution over the first 1 Myr of the neutron
star’s life (unless instabilities kick in before), with magnetic-
evolution timesteps of a fraction of a year. Not all runs reach this
age: once the star enters the photon-cooling era (¢ > 50-100 kyr,
see below), the resistivity drops, the magnetic-field dynamics
become increasingly Hall-dominated, and the code correspond-
ingly less stable (Pons et al. 2026). Moreover, the microphysical
ingredients and the thermal evolution implemented here are cal-
ibrated for the temperatures typical of young pulsars (~ 10 K)
and become much less reliable for internal temperatures < 107 K
proper of ~ Myr stars.

We discretize the crust with 40 radial grid points, resolving
structures down to scales of tens of metres. The angular direc-
tions are discretized using a cubed-sphere grid (Dehman et al.
2023c) with 422 points in each of the six patches, correspond-
ing to 168 points along the equator, resolving angular scales of
several hundred metres, more than sufficient to capture the main
physical effects of interest.

4.2. Dipolar field B, and obliquity «

For each simulation, we compute the spherical-harmonic
weights b, of the three m-components (m = —1,0,1) of the
dipolar (¢ = 1) term. Specifically, we compute them at the nu-
merical surface (see Dehman et al. 2023c for details), multiply-
ing these values by (R;, /R)? ~ 0.958 (as in the neutron star model
used here, see above) to account for the small correction from the
cubic decrease of the dipolar components with distance across
the envelope. The dipolar component intensity at the surface,
which regulates the rotational evolution, is then

_ 2 2 2
B, = 1”’1,-1 + b1,o + bL1 .

As in all existing 3D magneto-thermal simulations, we assume
that, in the absence of differential rotation, the spin and the loca-
tion of the spin axis do not affect the internal dynamics. Assum-
ing that internal dynamics and obliquity are decoupled means

(10)

3 http://www.ioffe.ru/astro/conduct/
4 https://compose.obspm. fr/
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that, over a large pulsar population, spontaneous variations of &
are expected to contribute to either n > 3 or n < 3 with roughly
equal likelihood at a given age. The main caveat of this approach
is that it neglects any feedback of the magnetospheric return cur-
rents on the internal field, particularly through the open-field-
line region. However, except for very fast-rotating pulsars, this
region is small, and the assumption of no relevant spin feedback
on the magneto-thermal evolution is reasonable. Current loops
are expected to circulate in closed-filed lines only in magnetars,
which are not object of this study.

In practice, for a given simulation, the relative initial orien-
tation between the dipolar axis and the spin axis, i.e. the initial
obliquity ay, is chosen a posteriori. For each simulation, we con-
sider three representative geometries, labelled by i. For simplic-
ity, we consider the initial dipolar field (which in our simulations
corresponds to the m = 0 mode, see above) to lie along three or-
thogonal directions, labelled x,y, z, in a Cartesian frame where
z is the spin-axis direction. The corresponding obliquity «; be-
tween spin axis i and the surface dipolar magnetic axis is then
simply defined by

by,
cosq; = —
By

1D
This allows us to obtain, for each simulation, three representative
calculations for the spontaneous obliquity evolution. No R;/R
correction is needed here because, as discussed above, there are
no currents in the envelope, so the dipolar axis direction is in-
sensitive to any distance r > R;,. Note that the evolution of the
timing properties will also change due to the f, factor.

Separately, we consider the expected alignment driven by the
external magnetospheric torque, via eq. (9). By default, we use
an initial obliquity @, = 7/4, a value which minimises the ini-
tial alignment timescale, thus representing an upper limit on the
contribution to the braking index; we will also briefly discuss
the cases @9 = 0.17 and 0.47. We label this obliquity calcu-
lation .. Notice that a more self-consistent obliquity evolution
could be obtained by simultaneously accounting for the internal
dynamics and the external feedback, redefining at each time step
the externally driven change of the spin axis. However, in this
first work we treat the two effects separately, in order to assess
clearly their relative importance.

For each of these cases (ax, ay, a, @.), we integrate eq. (3),
neglecting the wobbling term (‘W = 1), to obtain the correspond-
ing long-term period evolution P(f). We consider two different

initial periods Py: a fast one, P‘g = 10 ms, and a slower one,
P} = 50 ms — the latter being more representative of the average
initial period, Py ~ 40-200 ms with a large dispersion, inferred
from population synthesis studies (Pardo-Araujo et al. 2025, and
the compilation of previous estimates in their Table 2). For large
enough fields and small enough initial periods (two conditions
not always met in our simulations, see below), the evolutionary
tracks converge quickly to the same one, and the memory of the
initial period is lost, since the spin-down power scales with Q*
and is therefore very effective at early times. Finally, for each
P(t), we compute the corresponding P via eq. (3), and the char-
acteristic age 7. = P/(2P), which shows deviations from the real
age t. See Appendix B.2 for more details on the rotational evo-
lution of our models.

I=XY,2.

4.3. Initial configurations

The configurations considered here fall into three categories, ac-
cording to the range of scales over which the magnetic energy is
distributed (see App. B.1 for the detailed initial spectra):

(i) CCSN: a small-scale configuration inspired by the magnetic
field spectrum obtained at saturation (i.e. after many MHD
timescales) in shell dynamo setups representing the typical
density and angular-velocity background found hundreds of
milliseconds after core collapse in dedicated supernova sim-
ulations (Reboul-Salze et al. 2021). We adopt B; = 10" G
and a volume-averaged intensity By, ~ 10'* G. The mag-
netic energy is shared between a large-scale, axisymmetric
toroidal quadrupole (£ = 2) and a smooth, non-axisymmetric
spectrum of poloidal and toroidal components peaking again
at small scales, around ¢ = 30, as adopted by Dehman et al.
(2023Db) to study the long-term magneto-thermal evolution.
SS1, SS2, SS3: three configurations in which the magnetic
energy is almost entirely toroidal (= 90%) and concentrated
at small scales, with > 80% contained in multipoles of de-
gree 18 < ¢ < 33. The dipolar component is weak in all three
and is the main difference between them, with B, = 10!! G,
5% 10'° G and 8 x 10° G, respectively; all three share
Bye ~ 1.2 x 10" G. They consequently span a range of
dipolar evolutions: the dipole mostly decays in SS1, alter-
nately grows and decays in SS2, and can only grow in SS3,
whose initial dipolar energy is so small that any leakage to-
wards £ = 1 amplifies it, whether or not a systematic inverse
cascade operates. These values of B, are too low to let the
resulting P-P tracks cross the bulk of the observed popula-
tion (App. B.3), but they are numerically tractable and allow
the inverse cascade to be followed, as shown below.

D12 and D14: two dipole-dominated configurations with po-
lar surface field strengths B, = 10'2 G and B, = 10" G, re-
spectively. In both, > 95% of the magnetic energy is poloidal
and concentrated in the dipolar (¢ = 1) component, with
B.s = By. They represent the configurations commonly
adopted for simplicity in previous studies, and serve both
as a reference case and as the counterpart to the complex,
small-scale configurations described above. Their results are
presented in App. A.

(it)

(iii)

In all models, the weights of the poloidal and toroidal scalar
functions defining the initial field (App. B of Dehman et al.
2023c) are close to zero for (£ = 1, m = +1), so that all mod-
els start with sine; =~ 0 and sina, = sina, =~ 1. For £ > 2 the
weights are drawn randomly across m € [—{, {], with their sum
in quadrature constrained to reproduce the prescribed E X} (€). The
z-axis thus identifies the initial dipolar direction, while the spin
axis is chosen a posteriori.

We do not include the effects of a possible post-collapse
burial of the magnetic field (Ho 2011; Vigano & Pons 2012).
All simulations are run for 1 Myr, except CCSN and CCSN-3DNMT,
which develop numerical instabilities after 200 kyr — a limitation
common to all existing simulations of relatively cold, strongly
magnetised neutron stars.

4.4. Temperature treatment

Over the long-term evolution considered here (< 10° yr), the in-
ternal temperature of a neutron star is neither constant nor homo-
geneous (see Potekhin et al. 2015, for a review). After an early
thermal relaxation phase lasting ~ 10-100 yr (e.g. Gnedin et al.

5 In other words, the dipolar axis initially points close to the centre of
the northern patch of the cubed-sphere grid described in Dehman et al.
(2023c). The numerical reconstruction of the surface multipoles, ob-
tained by integrating the radial field component weighted by spherical
harmonics, introduces a small error in the recovered dipolar axis, of at
most a few degrees for the cases with the weakest dipolar component.
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2001), during which crust and core reach a quasi-isothermal
state, the star continues to cool through copious neutrino emis-
sion for the first O(100 kyr). The exact duration of this stage
depends on the neutrino cooling channels, the envelope com-
position, the equation of state and the mass (e.g. Dehman et al.
2023a; Ascenzi et al. 2024), during which the internal tempera-
ture is typically 1-3 x 10% K. Once neutrino losses drop below
the surface photon luminosity, cooling is dominated by photon
emission.

Inhomogeneities in the internal and surface temperature arise
from the anisotropic conductivity induced by the strong mag-
netic field, and from the non-uniform Ohmic dissipation that
heats the crust locally. As the star cools the magnetic diffusiv-
ity decreases, so that the field dissipates more slowly; this cou-
pling between the thermal and the magnetic evolution can in turn
affect the rotational evolution.

A fully coupled 3D magneto-thermal evolution in MATINS
is computationally expensive. In most of the models presented
here we therefore evolve only the magnetic field, adopting the
analytical approximation of Yakovlev et al. (2011) for the spa-
tially homogeneous, time-evolving redshifted temperature " T:®

27 4 \1/6
1+0.12(L) (’—) ,
10km/ |\7

12)

2GM
&'T(f) = 3.45x 108 K(l - 2—)
c’R

where G is the gravitational constant and ¢, is a fiducial normal-
isation timescale, set to the age of the Cas A supernova rem-
nant (330 yr). This prescription was calibrated on unmagnetised
cooling models during the neutrino-cooling era (Yakovlev et al.
2011), and gives ~ 10® K at ~ 50 kyr.

Two effects limit its accuracy. First, fast cooling
(Marino et al. 2024) or a high rate of Ohmic dissipation
(Vigano et al. 2013) can drive the temperature respectively
lower or higher by a factor of a few. Second, the temperature
can vary by a comparable factor in radius and angle, owing
to localised Ohmic heating and anisotropic conduction, which
in turn modify the local resistivity. These limitations are most
severe at late ages (X 10° yr), when photon emission accelerates
the cooling; in young, highly magnetised stars, where Ohmic
heating is strongest; and in massive stars, where fast neutrino
processes operate. For this reason we also run the CCSN initial
configuration with the fully coupled 3D magneto-thermal
evolution (model CCSN-3DMT), in order to quantify the differ-
ences with respect to the simplified treatment adopted for the
remaining models.

5. Results

This section focuses on the contributions of the magnetic
and obliquity evolution to the braking index. Further details
of the magnetic and rotational evolution (magnetic spectra,
B, (1), period, period derivative, and characteristic versus real
age), obtained with standard techniques (Pons et al. 2026), are
left to App. B. We discuss here the configurations that dis-
play a non-trivial obliquity evolution, leaving the benchmark
dipole-dominated cases D12 and D14 to App. A. In brief, with
2 95% of their magnetic energy in the dipolar component,

6 Here ¢’ is the Schwarzschild metric factor, which increases from a
minimum value at the centre to ~ 0.8 at the surface, and approaches
unity far from the star (see, e.g., Pons et al. 2026).
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those models show no appreciable spontaneous drift: the dipo-
lar axis stays essentially fixed, so that the long-term contribu-
tions to the braking index are set by B; and by the alignment
torque alone, as in previous dedicated studies (Pons et al. 2012;
Gourgouliatos & Cumming 2015; Igoshev & Popov 2020).

5.1. CCSN and CCSN-3DMT

We begin with CCSN and CCSN-3DMT, which illustrate our results
for a fiducial configuration while comparing the two temperature
treatments.

5.1.1. Obliquity evolution

The top panels of Fig. 2 show sine; (kK = x,y,z,e) over
the 200 kyr simulated, for CCSN (left) and CCSN-3DMT (right).
The dashed lines follow the alignment dynamics sina,(f)

(Sect. 3.2.2) for the fast (Pg = 10 ms, blue) and slow (P =
50 ms, cyan) initial periods; both move appreciably towards
alignment, more so for the fast rotator because of the 1/ P2 factor
in eq. (9). For the fast case we also show two alternative initial
obliquities, @, = 0.17 and 0.4x instead of 0.257, which as ex-
pected align substantially more slowly.

The purple dash-dotted, red dotted and orange dotted lines
follow the spontaneous drift sina;(¢) for the three geometric
choices (Sect. 3.2.1). The a, and @, geometries, both initially or-
thogonal rotators, vary negligibly. The variation of sin a., in con-
trast, exceeds that of every alignment track except the fast rotator
with @, = n/4, which it approaches without quite matching.

The bottom panels of Fig. 2 display the same drift directly
on the sphere. The spin axis lies along the north—south direction,
and each track follows the magnetic dipolar axis for one of the
three initial geometries (x, y and z: purple, red and orange, re-
spectively), with colour darkening with age. Each track starts at
the position set by its geometry: aligned with the spin axis, at
the north pole, in the z case, and orthogonal to it, on the equator,
in the x and y cases. As the system evolves, the three trajecto-
ries drift away from these initial configurations, with a total net
displacement of O(10) degrees over the 200 kyr simulated.

The direction of this drift matters: only latitudinal motion,
measured with respect to the spin axis, changes the obliquity,
whereas longitudinal motion does not. The weight of a given
track therefore depends on the choice of spin axis, and this is
why a, produces by far the largest variation in sin @. The three
geometries drift by a comparable ~ 10 degrees, but the same
angular displacement maps onto very different changes in the
sine: sin@, — a, + O(ag) as @; — 0%, which is linear, whereas
sinay = 1 — (/2 = a)?/2 + O((n/2 — a)?) as a, — /27,
which is only quadratic. At early times «, varies much less than
a,, because most of the drift in the y geometry is longitudinal.

These differences between the three representative geome-
tries underline the importance of the orientation of the drift track,
which is set by the relative orientation of the spin and dipolar
axes. Other initial geometries — for instance intermediate values
of @, with tracks starting at mid latitudes — would produce dif-
ferent tracks, but their variations of sin@ would generally fall
within the range spanned by these three representative cases.

The two thermal treatments give a very similar dipolar drift
up to late ages, where the tracks start to differ in shape, although
the variations remain of the same order of magnitude. The origin
of the difference is that the analytical fit of eq. (12) is reliable
during the neutrino-cooling era, whereas the self-consistent 3D
evolution of CCSN-3DMT also captures the temperature inhomo-
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Fig. 2. Obliquity evolution in the CCSN (/eft) and CCSN-3DMT (right) models. Top: evolution of sin & driven either by alignment (blue dashes for
Pé = 10 ms, thick for a,.¢ = n/4, thin for a,¢ = 0.1z and 0.47; cyan dashes for Pj; = 50 ms) or by spontaneous drift, for the three choices of
initial dipolar-axis direction along x, y and z (purple dash-dotted, red dotted and orange dotted). Bottom: Mollweide projection of the dipolar-axis
trajectory for the same three choices. The spin axis is directed north—south (z-axis in this frame), and the original simulation frame is rotated so that
the initial dipolar moment points towards x (equator, central longitude, purple), y (equator, centre-east, red) or z (north, orange). The latitudinal
distance of the dipolar axis from the north pole is @;, whose sine is plotted in the top panels. Within each track, colour darkens with age, spanning
the range indicated by the grey colour bar shared by the three tracks. The circle marks ¢ = 0 and the star the end of the simulation.

geneities and the photon-cooling era; during the latter the star
cools further, the conductivity increases, and the dynamics be-
come more Hall-dominated. These differences are nonetheless
minor compared with those produced by the initial magnetic-
field configuration (Sect. 5.2 and App. A), by the relative orien-
tation of the spin and dipolar axes, and by the initial period that
sets the alignment.

5.1.2. Contributions to the braking index

Figure 3 shows the individual terms contributing to (3 — n)/7.:
1/7p and 1/7,, with k = e, x,y, z, where «, is evaluated for both
initial periods and for the different initial obliquities discussed
above.

In both models 1/75 (black dashed) remains strongly neg-
ative throughout, decreasing in magnitude from ~ —0.4 kyr~!
att ~ 10? yr to ~ —0.05 kyr™! by t ~ 2 x 10° yr. The two
thermal prescriptions give nearly identical curves, apart from
slightly stronger fluctuations in the 3D magneto-thermal case,
caused by its richer Hall dynamics at late times. The 1/75 term
exceeds every obliquity contribution by one to two orders of

magnitude. The only exception is a£ with @, o = n/4 (thick blue

dashes), which has the same sign and a comparable magnitude
until £ ~ 1 kyr; the spontaneous drift (purple, red and orange
dotted), the slow-rotator external torque (cyan dashes), and the
fast-rotator torque for @, = 0.1r and 0.4 (thin blue dashes) are
much smaller at all times. The decay of the surface dipolar field
is therefore the dominant contribution in these models: it shows
no early-time growth of By, and systematically drives n > 3 over
the whole timespan considered.

The evolution of 1/7p and 1/7,, is smooth and mono-
tonic, whereas the spontaneous-drift contributions 1/7,, oscil-
late rapidly between negative and positive values, slightly more
abruptly in CCSN-3DMT. Their magnitude is < 5x 1073 kyr™!, and
they become comparable to, or larger than, the externally driven
contribution for middle-aged stars (¢ > 50 kyr). This stochas-
tic behaviour is a promising candidate to explain the fluctuating
braking indices observed in neutron stars older than ~ 50 kyr
(Sect. 2).

Overall, the two thermal treatments differ too little to change
the order of magnitude of any contribution to the braking in-
dex. The remaining configurations therefore adopt the computa-
tionally inexpensive analytical prescription for the temperature,
bearing in mind that a fully coupled treatment would mainly
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Fig. 3. Evolution of the contributions to the de-trended braking index for the CCSN (/eft) and CCSN-3DMT (right) models: 1/75 (black dashed), 1/7,,
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cyan dashes) rotator. The y-scale is linear within [-1073, 10~*] and logarithmic outside.

yield a less smooth, more dynamical obliquity evolution at late
times, without qualitative consequences for our conclusions.

5.2. The small-scale dominated configurations

Figure 4 shows the three small-scale runs. They share the same
qualitative behaviour: a large, erratic dipolar-axis drift accompa-
nied by a strongly fluctuating contribution to the braking index.
They differ, however, in the amplitude and timing of the drift
and in the evolution of the dipolar intensity, so that their n(f) are
qualitatively different.

In all three the dipolar axis drifts much farther than in CCSN,
by several tens of degrees rather than O(10) degrees. Part of this
is simply a longer baseline — SS1-SS3 are followed to ~ 1 Myr
against the 200 kyr of CCSN- but the comparison holds at fixed
age as well: restricted to the first 200 kyr, the three runs have
already accumulated most of their total excursion. The details of
that drift are nonetheless specific to each realisation. In SS3 the
axis moves by ~ 40° within the first ~ 50 yr, when the dipole
is very weak and therefore most prone to drift, and thereafter
wanders back and forth within that cone for the rest of the evo-
lution. In SS1 it moves by only a few degrees during the first kyr
and then performs a single broad sweep of ~ 80°, completed by
~ 200 kyr. In SS2 it reorients by a comparable amount already at
~ 1 kyr and then keeps oscillating, with swings of a few tens of
degrees, until the end of the run. These runs are therefore a more
extreme version of CCSN: with almost all the magnetic energy at
small scales, the weak dipolar component is entirely controlled
by the small-scale dynamics, and the externally induced align-
ment is negligible except for the fast rotator at late ages.

The contributions to the braking index reflect this. The
spontaneous-drift terms 1/7,, are orders of magnitude larger
than in CCSN, with an amplitude that varies from run to run,
reaching a few tens of kyr™! at early ages in SS3 against ~
0.3 kyr~! in SS1. They rarely dominate the budget — 1/75 re-
mains the largest single term throughout most of the evolution
— but they are now comparable to it, and fluctuate frequently,
rather than being negligible as in CCSN. More importantly, 1/7p
is itself no longer smooth: it reverses sign several times, as do all
the other internal terms, while the external-torque contributions
remain orders of magnitude smaller at all times. These reversals
follow directly from the non-monotonic evolution of B; shown
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in App. B, and make the predicted braking index oscillate about
its secular trend instead of following it smoothly.

Beyond these rapid reversals, the secular sign of 1/75 is the
clearest systematic difference between the runs, and simply fol-
lows the evolution of the dipolar component: it is predominantly
negative in SS1, whose dipole mostly decays, driving n > 3; it
alternates in SS2, whose dipole grows and decays in turn; and
it is positive over most of the evolution in SS3, whose dipole is
amplified by the transfer of magnetic energy from small to large
scales, driving n < 3. In small-scale dominated configurations
the obliquity contribution is therefore robustly present and sign-
alternating, whereas the sign of the B, term is not a generic prop-
erty of the class but depends on the particular initial spectrum,
and in particular on how much energy the dipole starts with.

Note that the rotational evolution of these models is marked
by very large values of 7./t at early ages, particularly for slow
initial periods, which decrease only slowly and still exceed unity
at the end of the run (App. B). Where the dipole grows, the cor-
responding tracks in the P—P diagram first rise towards larger P
and only later turn over, once By begins to decay — a behaviour
compatible with the timing properties of young pulsars showing
n < 3 (Espinoza et al. 2011).

5.3. Synthetic comparison of models with data

Figure 5 summarises the combined contributions from By(#) and
a(?) to the de-trended braking index,” (n — 3)/7. = —( 1/7q, +
1/74, +1/78), as a function of 7., for the different models, initial
obliquities (colours) and initial periods (dashes for the fast ro-
tator, dots for the slow one). The tracks are directly comparable
with the observed data of Sect. 2, shown as grey points.

The characteristic age depends crucially on the assumed ini-
tial period — both the fast and the slow case are shown — and on
the evolution of B; (App. B.2). For the relatively low values of
B, studied here, characteristic ages are large at both early and
late times, the most extreme case being SS3 with a slow initial
period. Although our simulations span < 1 Myr, the characteris-

7 Asdiscussed in Sect. 4.2, a more self-consistent approach would cou-

ple the obliquity changes due to alignment and drift, and consider a
single timescale 7,. Given the order-of-magnitude differences between
models, a simple sum of the inverse estimated timescales, 1/7,, +1/7,,,
suffices for our purposes.
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tic age can therefore exceed that value by orders of magnitude,
covering a substantial fraction of the observed sample of Fig. 1.
Conversely, the most extreme cases never reach the observed
pulsars with small characteristic ages. A combination of differ-
ent initial periods and configurations, run over longer timescales
than considered here, would arguably cover the full observed
range of 7., but this calls for a costly population synthesis ap-
proach that lies beyond the scope of this work. We aim instead
at sampling representative points in a vast parameter space.

The models studied here separate roughly into two classes.
In CCSN and D12 (and D14, not shown here), the de-trended brak-
ing index varies smoothly and monotonically with 7.. Since the
dipolar-axis drift is negligible in the D runs and subdominant in
CCSN, the predicted braking index is set by the steady decay of
B, and by the alignment, both of which drive n > 3. As noted
in Sect. 1, oscillations can also arise in dipole-dominated cases
when a large-scale (e.g. quadrupolar) toroidal field is present,
allowing a continuous exchange with the component associ-
ated with B; (Pons et al. 2012). Such oscillations reach at most
[n| ~ 10, however, so that the observed braking indices would
then clearly indicate that a fluctuating wobbling term, magne-
tospheric or superfluid in origin, dominates over the B; and «
evolution.

In the small-scale dominated configurations (SS1-SS3) the
tracks instead oscillate rapidly, crossing the n = 3 line repeat-
edly and spanning the bulk of the observed range, |(n — 3)/7.| <
10 kyr~!: the dipolar axis drifts by several tens of degrees, the
spontaneous obliquity contribution becomes comparable to or
larger than that of B,, and the dipole itself may grow rather than
decay, fed by the transfer of magnetic energy from the small
scales. This dichotomy, rather than the behaviour of any indi-
vidual model, is the central result of this work.

The three runs differ, however, in the trend about which
they oscillate. The sign-alternating character is common to all
of them, varies on timescales far shorter than the stellar age, and
shows no tendency to weaken as the star gets older; the trend it
is superimposed on follows the alignment, which drives n > 3
at middle ages, and the evolution of B, described in Sect. 5.2,
giving n > 3 in SS1, both signs in SS2, and n < 3 in SS3. The
amplitude and rate of the fluctuations differ from run to run as
well. What is generic to the class is therefore the fluctuating be-
haviour, not its sign.

An important limitation of these models is that their syn-
thetic P—P tracks remain well away from the bulk of the ob-
served sample (see Fig. B.6 and App. B.3). Reaching it would
require initially larger values, B; ~ 10'>~10'3 G, but more mag-
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Fig. 5. Synthetic de-trended braking index, (n—3)/7, = —(1/7,,+1/7,, +1/75), as a function of the characteristic age, for the CCSN, D12, SS1, SS2,
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Pé (dashes) and P (dots). Open circles mark # = 0 and stars the end of each track, along which selected ages are labelled. To allow all tracks to be
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differences. The scale is linear in the range [~1072, 1072] and logarithmic outside it. Grey points with error bars are the observed pulsars of our

sample (Sect. 2).

netised cases are numerically challenging for such tangled con-
figurations, in which the volume-averaged field is orders of mag-
nitude larger than the dipolar surface value. As a simplified al-
ternative we consider a further case, SS1-10 (bottom right panel
of Fig. 5), obtained by multiplying the By(¢) track of SS1 by a
factor of ten, so that the resulting P-P track lies closer to the
observed population. Since the Hall term is non-linear, a gen-
uine simulation with a ten times stronger field would not be a
simple rescaling of the weaker one, and would in fact be even
more dynamic; this post-processing therefore provides a conser-
vative estimate of what a more realistic B; implies for the rota-
tional evolution and the braking index of a small-scale field. The
stronger dipole brakes the star far more efficiently and displaces
the tracks by about two orders of magnitude towards lower 7,
closer to the real age, as expected from 7. o P?/ Bg. In this par-
ticular case the large fluctuations end up at values of 7, that are
too small, but the same exercise can be extrapolated to the other
models: varying only the intensity of B, and the initial period, at
fixed initial spectral shape, is likely enough to cover the bulk of
the observed values. Small-scale dominance in the initial spec-
trum thus predicts the fluctuations themselves, while the range
of 7. over which they are observed, and the trend they are super-
imposed on, are set by the field intensity and the initial period.

Overall, the tracks of these models reach the bulk of the ob-
served n(t.) values (grey points), although a substantial fraction
of the sample shows even larger variations. A wobbling term is
therefore likely to be needed even in small-scale models: in other
words, we would expect T4y < 7,4, Tp also in this case.

6. Discussion

Braking index measurements are affected by several caveats re-
lated to the complexity of the timing residuals, but they display
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a clear correlation with 7., expected by construction, and three
distinct regimes (Fig. 1): at early ages, 7. < 3 kyr, the measured
values are n < 3, requiring an increasing torque; at middle ages,

7. ~ 10-50 kyr, they are systematically n > 3, with n ~ 10— 1020
100; at later ages, large positive and negative values become al-
most equally likely. Besides possible observational biases, this
behaviour must reflect non-trivial variations in the torque gov-
erning the rotational evolution.

We have considered a variety of initial models, going
well beyond the usual assumption of almost purely large-
scale, intense fields, and exploring instead a more realis-
tic distribution of the initial magnetic energy over a broad
range of scales. This extends the few existing studies in this
direction (Pons et al. 2012; Gourgouliatos & Cumming 2015;
Gourgouliatos & Hollerbach 2018), which considered almost
purely large-scale initial configurations — arguably hard to pro-
duce through the turbulent, all-scale dynamics of a core col-
lapse — dominated by an almost purely dipolar poloidal and/or
quadrupolar toroidal field. The two components are tightly Hall-
coupled (e.g. Pons & Geppert 2007), so that a sufficiently strong
¢ = 2 toroidal field can make B; grow at early ages, yielding
n < 3 (Gourgouliatos & Cumming 2015). In such configura-
tions, however, the large-scale modes necessarily remain dom-
inant throughout the evolution, with no dipolar-axis drift and
only a modest fraction of the energy flowing into a Hall direct
cascade, Ey; o« ¢72. It remains unclear how such specific con-
figurations could be systematically produced by the turbulent
dynamics of core collapse, which tend to spread the magnetic
energy across all spatial scales (Reboul-Salze et al. 2021).

Small scales are relevant to the torque evolution not
through any direct contribution, which is negligible (e.g.
Igoshev & Popov 2020), but because they drive the dipolar com-
ponent to tilt, grow, or decay faster. In particular, the sponta-
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neous dipolar-axis drift can dominate over the externally trig-
gered alignment, which complicates the simple prescriptions for
rotational evolution commonly adopted in population synthesis
studies (Pardo-Araujo et al. 2025, and references therein), mak-
ing them strongly dependent on the initial configuration. The
large-scale configurations usually assumed raise no such diffi-
culty.

A simple decay of B, cannot account for the large and fluc-
tuating values of n observed at large characteristic ages, whereas
small-scale dominated fields produce them naturally. The sys-
tematic n > 3 at middle ages follows directly from the de-
cay of By, which dominates the braking index in the large-
scale dominated models. The large, sign-alternating values at
later ages instead require small-scale dominated configurations,
whose stochastic obliquity contributions persist without decay-
ing as the star ages, and which reach |n — 3| comparable to the
observed values. Their variability timescale is also of the right
order: inverting the peak of the distribution of de-trended values
at late ages (right panel of Fig. 1) yields (7./|n — 3|) ~ 1-20 kyr,
and the internal terms in our small-scale runs fluctuate on com-
parable timescales, although the detailed comparison depends on
the initial configuration, the field intensity and the initial period.
Our models do not produce such fast fluctuations at middle ages,
where the required ~ 0.3-5 kyr is shorter than they typically
provide; this is consistent with the absence of any observed fluc-
tuating behaviour there, since a faster and systematic process —
the decay of B; combined with the externally induced alignment
—is already dominant.

The trends n(t.) thus involve the long-term evolution of three
intertwined ingredients: By, the long-term alignment — both fre-
quently considered in the past — and the dipolar-axis drift, barely
studied before and never in full 3D, long-term simulations. The
models presented here sample only a small region of this param-
eter space and have not been fine-tuned, so that they probably
under-represent the variety of possible cases. Several ingredients
could in principle be adjusted to reproduce the data more closely.
The shape of the initial spectrum, and in particular the fraction
of energy in the dipole, controls the evolution of B,(¢) and hence
the general trend of n(f), about which n fluctuates because of the
dipolar drift. Conversely, the overall field strength and the initial
period set where the tracks fall in 7. and in the P—P diagram. A
systematic exploration of these degrees of freedom should allow
a more quantitative assessment of the relative importance of the
spontaneous obliquity drift and of the other magnetospheric or
superfluid factors — referred to here as wobbling contributions —
responsible for the stochastic oscillations of » at large 7.

We conclude that the observed trends at middle and late ages
can be reproduced by the spontaneous dipolar drift, with pre-
dicted values of n compatible with the bulk of the data, while
the n < 3 measured at early ages can be explained by the inverse
cascade (Dehman & Pons 2025; Dehman 2026). A more system-
atic assessment is nonetheless needed. On the one hand, since
our models are not fine-tuned, we cannot exclude more extreme
variations of n caused by the obliquity drift and the field decay.
On the other, we suspect that the largest values of |n| among pul-
sars with 7, > 100 kyr — the tails in the right histogram of Fig. 1,
which our models do not reproduce — will still require a short-
term wobbling contribution from magnetospheric processes or
superfluid dynamics. Such mechanisms are probably also needed
to explain the specific shapes of the timing residuals. Through-
out, one must keep in mind the observational uncertainties on
n, their dependence on the baseline, and more generally the fact
that timing residuals show a complexity that goes well beyond a
single braking index value.
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Appendix A: The dipole-dominated configurations

We discuss here the D12 and D14 models, in which the mag-
netic energy is almost entirely in the dipolar component. Such
initial conditions are directly comparable to those adopted in
several previous studies, which considered only large-scale con-
figurations: the spherical-harmonic degree was mostly fixed
to £ = 1 or, in the few cases where a range of configura-
tions was explored, did not exceed £ = 4 (Ponsetal. 2012;
Gourgouliatos & Hollerbach 2018). They serve as the counter-
part to the complex, small-scale configurations studied in the
main text.

These configurations develop some small-scale structure
through a direct Hall cascade (Dehman et al. 2023c), but the
dipole itself does not drift, since the underlying large-scale cur-
rents dissipate smoothly and without substantial reorganisation.
An intense large-scale component at birth therefore leaves a last-
ing imprint on the subsequent evolution, keeping the dipolar axis
far more stable than in more complex initial configurations.

The top panels of Fig. A.1 show the evolution of sin @. The
internal obliquities @; remain strictly constant over the whole
1 Myr covered by these runs, in contrast with CCSN (Fig. 2),
so that any obliquity evolution driven by internal dynamics can
safely be neglected. By contrast, the external torque is fully at
play: in D12 the evolution of sine, is qualitatively similar to
CCSN for a given Py. D14 differs from both, since its stronger ini-
tial B, accelerates the alignment, as expected from the B‘ZI factor
in eq. (9): sin @, drops by a factor of 5-20 depending on P, and
@0, and the star is essentially aligned by ¢ ~ 10 kyr for the fast
rotator and by ¢ ~ 100 kyr for the slow one.

The bottom panels show the corresponding contributions to
(3 —n)/t.. The 1/1p term is of the same order of magnitude in
D12, D14 and CCSN: always negative, and dominant beyond a
few tens of kyr, driving n > 3. The internal contribution 1/7,,
vanishes identically, since there is no dipolar-axis drift. The ex-
ternally driven term dominates at young ages — overwhelmingly
so in D14, where for the fast rotator it exceeds 1/75 by two or-
ders of magnitude — and also drives n > 3; it then dies away as
the star approaches alignment, on a timescale set by B, Py and
@,,0- No contribution driving n < 3 appears at any time.

Pons et al. (2012) showed that Hall-driven oscillations of B,
can arise at ¢ > 103 yr, during the Hall-attractor phase typical
of these configurations, and produce oscillations in the braking
index. We do not find them here, probably because of the strong
dominance of the poloidal dipolar component in these particu-
lar models, and because the analytical temperature prescription
partly suppresses the Hall dynamics with respect to a fully cou-
pled magneto-thermal calculation, which would give colder old
stars. A toroidal-quadrupole-dominated configuration could pro-
duce oscillations with |n| ~ 10, but should lead to the same con-
clusions regarding the obliquity, since that component is tightly
Hall-coupled to the poloidal dipole. Given the dedicated studies
already available for such configurations, we do not pursue this
further.

Appendix B: Magnetic field and rotational evolution
B.1. Magnetic field evolution

Figure B.1 shows the volume-integrated magnetic energy spectra
of all the runs, at r = 0 and after 100 kyr.

The initial spectra differ markedly. The CCSN one is domi-
nated by the quadrupole, but already carries a broad, nearly flat
plateau out to £ =~ 20. The D12 and D14 models have a steeply

decreasing spectrum, in which the dipole exceeds every other
multipole by one to two orders of magnitude. The SS1-SS3 con-
figurations are the opposite limit: their energy is concentrated
around ¢ ~ 18-30, with essentially no power at 2 < ¢ < 9. The
three differ only in the dipole, whose initial energy spans more
than three orders of magnitude across the set; the right panel is
therefore a controlled comparison at fixed small-scale content.
By 100 kyr the total energy has decreased in all runs, while the
Hall cascade has flattened the spectra and redistributed the en-
ergy over all degrees permitted by the numerical setup, up to
¢ ~ 40. The exception is D12, for which the Hall cascade is ir-
relevant and the spectrum remains purely large-scale.

The dipole, which controls the braking index, does not
evolve in a single way. Where it is initially strong (CCSN, D12
and D14) it decays by only a factor of a few, appreciably more
slowly than the energy stored at intermediate and high degrees,
so that in relative terms it is more important at 10° yr than at the
beginning. In the small-scale runs the outcome depends on how
much energy the dipole starts with: after 100 kyr it lies more
than an order of magnitude below its initial value in SS1 and
SS2, whereas in SS3, which starts essentially empty, it is gener-
ated during the evolution and grows by about an order of magni-
tude, showing that the cascade also proceeds towards the largest
scales. The net effect is a convergence: the three initial dipole
energies, spread over more than three orders of magnitude, dif-
fer by little more than one order of magnitude after 100 kyr, as
the dipole relaxes towards a level set by the small-scale reservoir
that feeds it. Finally, CCSN and CCSN-3DMT are nearly indistin-
guishable after 100 kyr, indicating that the results are insensitive
to the particular prescription adopted for the temperature evolu-
tion over this timespan.

We fix the initial spectrum E}{; without attempting to enforce
an MHD equilibrium, for two reasons that make such fine-tuning
essentially irrelevant here, in contrast to the purely large-scale,
static configurations often assumed. First, the Hall-MHD and
MHD static equilibria differ and neither is a unique solution, so
an initial transient from an MHD spectrum to a Hall cascade is
expected in any case, with details depending on the initial config-
uration. Secondly, and possibly more importantly, the multiple
scales spread across orders and degrees after the collapse imply
that such static, purely large-scale solutions are unlikely to be
reached. As in dynamo simulations reaching saturation and fully
developed MHD turbulence, a steady state is probably attained,
but it is not static: it is instead characterised by a continuous en-
ergy exchange between multipoles, preserving the same average
spectrum up to minor fluctuations.

B.2. Rotational evolution

For each obliquity model (a,, @y, @, a.), we integrate eq. (3) ne-
glecting the wobbling term (‘W = 1), and obtain the long-term
period evolution, identified below by the same subscripts:

2 2}?6 !
PR =P+ T f ful)Ba( ) dt . (B.1)
103 0

This equation is coupled to a.(#) through eq. (9), but not to the
spontaneous wandering a;(t), since the magnetosphere does not
feed back on the internal dynamics.

As already mentioned, we consider two initial periods: a fast
rotator, P‘g = 10 ms, and a slow one, Pg = 50 ms. Since the spin-
down power scales as Q*, a sufficiently strong field combined
with a sufficiently short initial period erases the memory of Py
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Fig. A.1. Evolution of sin & (top) and contributions to (3 — n)/7. (bottom), for D12 (left) and D14 (right). Colours and line styles are as in Figs. 2
and 3. The maps of the dipolar-axis drift are omitted, as the drift is negligible on the scale of the map.

within a few kyr; neither condition is always met in our models,
as shown below.

From each P(f) we compute P from eq. (3) and the charac-
teristic age 7. = P/(2P), which deviates from the real age ¢ as

o ful@)Ba(? dt’
foz Bd(l‘)2 4

. I P}
t 2mRS f,(t) By(t)* t

(B.2)

The first term is always positive and carries the memory of Py:
it gives 7. > t as long as P remains comparable to Py, which
can persist for a long time when Py is large and/or B, is weak.
The second term measures the accumulated torque relative to the
instantaneous one; it equals unity if neither B, nor @ evolve, and
exceeds unity when the field decays (typically at # > 10° yr; e.g.
Vigano et al. 2013; Pons et al. 2013). We use 7. to compare our
models with the observed n(t.) trends.

Fig. B.2 shows how the obliquity models propagate into the
observable timing quantities for the CCSN run. The dipolar field
decays by a factor of a few over ~ 100 kyr. As discussed in
Dehman et al. (2023b), this reflects the decay of the total mag-
netic energy, combined with a transfer from small to large scales
that is too weak to amplify the dipole. The CCSN-3DMT run (not
shown) gives nearly identical results. The period evolution dif-
fers markedly between the two initial periods. For Pj = 50 ms
the period stays close to its initial value for several kyr and only
reaches P ~ 100 ms by the end of the simulation, whereas for
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Pg = 10 ms it grows from the very beginning and increases by
nearly an order of magnitude. By 200 kyr the two cases have
converged to comparable periods (P =~ 100 ms), i.e. the memory
of Py has been lost.

This difference is reflected in 7./t. For the slow rotator the
characteristic age always overestimates the real age, by at least
a factor of a few: at early times because of the large P} (first
term of eq. B.2), and later because the accumulated torque ex-
ceeds the instantaneous one as B, decays. For the fast rotator
7. approaches ¢ between a few and a few tens of kyr — after the
memory of Py is lost and before field decay becomes important
— and rises again afterwards, for the same reason as in the slow
case.

Compared with the choice of Py, the obliquity evolution (dif-
ferent colours in each panel of Fig. B.2) has a minor effect: dif-
ferent obliquities change the spin-down torque by at most a fac-
tor of two, through f, = (1 + sin® @) (see Sect. 3).

Figures B.3—B.5 show the same quantities for the remaining
models. The qualitative behaviour of each obliquity model is the
same as described above for CCSN, so we only highlight the dif-
ferences, which are driven almost entirely by the strength of the
initial dipolar component.

In D14 the dipole is strong enough that the spin-down is effi-
cient from the outset: the memory of Py is lost within < 0.1 kyr,
the two initial periods give indistinguishable tracks after that,
and the star reaches P ~ 1 s by 200 kyr. Consequently 7. =~ ¢
over almost the entire evolution, and departs from it only at
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t 2 100 kyr, when the field decay makes the second term of
eq. (B.2) grow. This decay sets in earlier than in the other runs,
owing to the faster Hall dynamics, which transfer energy effi-
ciently towards the small scales where dissipation is most ef-
fective. This is the regime in which the characteristic age is a
reliable age estimator. D12 is intermediate: the period evolution
resembles that of CCSN, and 7./t approaches unity for the fast
rotator over a broad interval, t ~ 3—-100 kyr, while for the slow
rotator it never drops below =~ 2.

The small-scale models are the opposite limit, and the three
differ according to how their dipole evolves. In SS1 it decays by
a factor of about three and grows back only at late times, whereas
in SS2 it grows and decays repeatedly throughout the evolution,
ending slightly above its initial value; in SS3, which starts essen-
tially empty, it is amplified by more than an order of magnitude,
as energy is transferred from the small scales at which the field
is initially concentrated. In all three it nevertheless remains too
weak to brake the star appreciably: the period increases by at

most a factor of a few for P‘(’;, and is essentially unchanged for

Pj. The first term of eq. (B.2) therefore dominates throughout,
and the weaker the initial dipole, the more extreme the effect: at
early times 7, overestimates the real age by four to five orders of

magnitude in SS1 and by seven to nine in SS3, as expected from 1430

the Bf scaling. The discrepancy decreases only slowly, and ex-
cept for the fast rotator at late times the characteristic age is a
very poor estimator of the true age in these configurations.

SS1-10 isolates the effect of the field strength alone. Its nor-
malised dipolar evolution B,/ Bg“ is identical to that of SS1 by
construction, but the ten times stronger field brakes the star far
more efficiently: the period grows by a factor of ~ 20 instead of
~ 2, and 7./t drops to unity within ~ 1 kyr for the fast rotator
and by ~ 100 kyr for the slow one. It is the only small-scale case

in which the characteristic age is a reliable age estimator over 1440

most of the evolution.

In all models the spread among the obliquity prescriptions is
bounded by f, = 1 + sin® @, which varies by at most a factor of
two between an aligned and an orthogonal rotator, and hence by

at most V2 in P. The bound is nearly saturated in the D12, D14

Article number, page 17



1450

A&A proofs: manuscript no. output

D12

Pj/P}
PfIP}

10°F —- it = Tyt
—e= Tt —- Tt
21 .
- 107F
=~ [
o L
e i
101 p~. y
i N
i1 S
1 00 L ‘ ~-—.=-'.--.-'.‘--.-‘-—-'.—-l-—-‘‘ i
1071 10° 10! 102 103
Real age [kyr]
D14
F T T LR | T T T
102k Ba/Bf - Pj/Po e Pa=10mS
o  [m- PUPe e Pl 2R
[ T f
& oL B i
Eem"
Eo i
A 100t i
=l F
N E
1071§ ,
E I I I
T T T
—_ Tt —- r{,y/t.
—e= Tt —e gt
/
w 10%F /7
~ - »
© /
/7
7
/‘/
—./'
100; = =.—-’—“._.—-—--—“" - ; .
1071 100 10! 107 103

Real age [kyr]

D12
oo T T T T
102 7_ By/Blt -e--- P;/IP§ P§=50 msi
v E——- P§/P§ ... Ps/P§ ]
& [ P;/P
& 10'F i
Ee
3 o
m 107
10—1 1
103 —- Tt == Tt
E I Tz,x/t . Tzs:,z/tg
’
o 102 ?:tj\ E
o N,
= SRS
10tk RSN A
NS %
.§.t.\ ,“ 1
.\.':".E e e "ﬁ ]
10°% Ll Lol Ll e
1071 100 10t 102 103
Real age [kyr]
D14
T A A T
[ —— Bg/Bip ----- P5/Po -‘____.:Po =50ms
[ === PS/Py oo PSPy el em T

—_—— Tt —-- rg,y/t,”
= T == Tt
- 10 // 1
hag s 1
K /]
/
k. e
\:\"'\. /“/
100L Sl e e e |
L MR | sl L L sl e
107! 100 10! 107 103

Real age [kyr]

Fig. B.3. Same as Fig. B.2, for the D12 (fop) and D14 (bottom) models, with Pg = 10 ms (left) and P = 50 ms (right).

and CCSN models, and far from it in the SS runs, where the period
barely evolves. In every case it is negligible compared with the
differences produced by the evolution of the dipolar field, which
is tied to the initial magnetic field configuration.

B.3. PP tracks

Figure B.6 shows the corresponding tracks in the P—P diagram,
superimposed on the observed values for our sample, which is
representative of the general pulsar population at < 1 Myr. Since
PP « f,B3, a star whose field and obliquity are constant sim-
ply slides along a line of constant B;, which in this plane has
slope —1; any change in fanl displaces it vertically from that
line, downwards if the product decreases and upwards if it in-
creases.
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In CCSN the star first moves to the right along a line of nearly
constant By, starting just above the inferred 10'? G line, and turns
downwards at ¢ > 100 kyr, when the field decay makes P drop at
almost constant P, approaching the 10'! G line. The two initial
periods converge well before the end of the run, so the final posi-
tion is set by the field rather than by Py; the obliquity models are
ordered as expected from f,, with the most orthogonal rotator
(ay) always the rightmost track, but their spread is small.

D12 is similar to CCSN, ending only slightly further to the
right. D14 starts two orders of magnitude higher in P, the two
initial periods are already indistinguishable at the beginning of
the plotted range, and the star crosses the observed population
diagonally, ending among the majority of pulsars at P of order
seconds.

The small-scale models show a variety of behaviours. Their
tracks are broadly horizontal, at least at late times, which indi-
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Fig. B.4. Same as Fig. B.2, for the and SS1 (fop) and SS1-10 (bottom) models, with Pg = 10 ms (left) and P = 50 ms (right).

cates a mild increase of B, rather than a constant or decaying
field. SS1 and SS2 barely move at all, remaining confined near
their initial periods in the upper-left corner of the diagram, since
their dipoles are never strong enough to brake the star apprecia-
bly: within that small excursion the SS1 track first descends, as
the dipole decays, and then flattens, whereas SS2 stays nearly
horizontal throughout. SS3 is the extreme case: starting from
a very weak dipole, its tracks first rise almost vertically as the
dipolar component is amplified by the transfer of energy from
the small scales, and only afterwards turn to the right. Since the
dipolar field is low, for a large enough initial period (P;, dashed
lines) the star ends the simulation with a negligible change in P.

The models that produce the most interesting n behaviour
therefore do not pass through the bulk of the observed pop-
ulation. This reflects the fact that, for a tangled configuration
in which the dipolar component is subdominant, models reach-

ing the observed values of P and P are numerically much more
challenging and computationally costly. The model SS1-10, for
which the SS1 By(f) curve has been manually amplified by a
factor of ten, serves as a first assessment of a more magnetised,
tangled model: it moves the synthetic P—P track closer to the ob-
served population while preserving the relevant features of n(t.).
Ideally, one would fine-tune the initial configuration of more
magnetised models so as to satisfy the P—P constraints while
retaining the large spontaneous dipolar drift.
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Fig. B.5. Same as Fig. B.2, for the SS2 (fop) and SS3 (bottom) models, with Pg = 10 ms (left) and P = 50 ms (right).
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Fig. B.6. P—P tracks for the different models, indicated in each panel title, for each obliquity model (e, x, y, z; colours as in the previous figures)
and for both initial periods (solid: Pg = 10 ms; dashed: P = 50 ms). Open circles mark ¢ = 0 and stars the end of each run. Grey solid lines mark

constant characteristic age, and grey dashed lines constant inferred polar surface dipolar field, B, = 6.4 x 10'® VPP G — the expression commonly
used in the literature, which corresponds to a vacuum orthogonal rotator with R = 10 km and / = 10* g cm? and therefore does not coincide with
the simulated B,. Grey dots are the observed pulsars of the sample with n measurements considered in Sect. 2.
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