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ABSTRACT

Understanding the Galactic population of isolated neutron stars within a unified framework provides
key insights into their birth properties, evolutionary pathways, and the connections between different
neutron star classes. In this work, we combine observational data from radio pulsars and isolated
neutron stars exhibiting quiescent X-ray emission, employing a comprehensive population synthesis
approach to investigate their origin and evolution. We develop a flexible population synthesis frame-
work that models the dynamical, rotational, and magneto-thermal evolution of neutron stars, their
radio and X-ray emission, and the selection effects of radio and X-ray surveys. To simulate realistic
X-ray spectra, we account for magnetospheric resonant cyclotron scattering and interstellar absorption.
Additionally, we model the observational bias introduced by magnetar outbursts by linking the out-
burst rate to magnetic stresses in the stellar crust. We employ a simulation-based inference approach
called truncated sequential neural posterior estimation to reconstruct the birth properties, such as the
initial magnetic field distribution and the fraction of neutron stars born with magnetar-like properies.
We find that the Galactic neutron star population is best described by a two-component log-normal
distribution of birth magnetic fields, with peaks at 5 x 102 G and 10'* G respectively. We also infer a
neutron star birth rate of 3-4 per century, of which approximately 10-50% are born as magnetars. This
in turn can help quantify magnetar potential contribution to explain the rate of powerful astrophysical
transient phenomena, such as fast radio bursts, super-luminous supernovae and gamma ray bursts.

Keywords: Machine learning — Neutron stars(1108) — Population synthesis — Pulsars(1306) — Radio

2 pulsars(1353) —Simulation-based inference

30 1. INTRODUCTION

a1 Neutron stars are the compact remnants left over after
22 the core-collapse supernova of massive stars. By com-
33 bining extraordinary properties such as extreme gravity,
. ultra-strong magnetic fields, and rapid rotation, neutron
55 stars represent unique laboratories to study the behav-
s ior of matter and radiation in extreme environments.
s They have been observed emitting across the entire elec-
s tromagnetic spectrum from radio to gamma-rays and
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3 showcase diverse emission behavior, from regular peri-
s odic pulses to more sporadic highly energetic bursts of
a1 energy. Due to this variety of properties and behavior
« they have been classified in different classes (see, e.g.,
s Harding 2013; Borghese & Esposito 2023; Popov 2023).
s The bulk of known neutron stars have been discovered as
s isolated radio pulsars with estimated dipolar magnetic
s fields in the range ~ 10'2 — 10" G. Decades of radio
«r pulsar surveys have produced a statistically rich sample,
s now comprising over four thousand objects (Manchester
o et al. 2005). Among other classes of isolated neutron
so stars there are magnetars and X-ray Dim Isolated Neu-
s tron Stars (XDINSs). Magnetars are the neutron stars
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2 RONCHI ET AL.

with the strongest magnetic field exceeding 10'* G and
both their persistent and bursting emission is believed
to be powered by the dissipation and instability of their
magnetic field. (see Turolla et al. 2015; Kaspi & Be-
loborodov 2017; Esposito et al. 2021; Rea & De Grandis
2025, for a review). XDINSs, also known as the ”Mag-
nificent Seven”, are a class of isolated neutron stars with
faint X-ray emission, showing an almost perfect thermal
spectrum with broad absorption features (see Turolla
2009, for a review). Owing to their low luminosities,
they are detectable only within a few hundred parsecs,
which is why the currently known sources are all nearby.
If considered unrelated to one another, the existence of
several neutron star classes challenges the limits of the
core-collapse supernova rate in our Galaxy (Keane &
Kramer 2008; Rozwadowska et al. 2021; Pardo-Araujo
et al. 2026). Furthermore, in recent years the borders be-
tween the different classes of isolated neutron stars have
started to blur. For example, magnetar-like burst activ-
ity has been discovered in some rotation-powered pul-
sars (Gavriil et al. 2008; Archibald et al. 2016) whereas
pulsed radio emission was detected from several mag-
netars in outburst (e.g. Camilo et al. 2006). Further-
more, magnetar-like emission and faint radio emission
have been detected by yet another class, central com-
pact objects (CCOs) (Rea et al. 2016; D’Al et al. 2016;
Zhang et al. 2025), young neutron stars found at the
geometrical center of supernova remnants and previ-
ously detected only as stable X-ray emitters. These
observational hybrid properties indicate that the differ-
ent classes of isolated neutron stars are likely connected
through evolutionary pathways, and therefore should be
studied as a single population rather than as distinct,
unrelated categories. A unified approach helps to better
understand the birth properties, the relation with their
massive progenitors and supernova explosion that leads
to their formation.

In general the neutron star distribution in the spin
period derivative, P, uvs spin period, P, plane encodes
information about the initial spin and magnetic field dis-
tributions at birth and the evolutionary pathways of the
population. Population synthesis represents a power-
ful computational framework used to simulate the birth,
evolution, and observable properties of the populations
of neutron stars in the Galaxy with the aim of compar-
ing with the observed population and constrain phys-
ical models. Due to the rich radio pulsar sample the
main efforts of population synthesis studies have been
focused on modelling solely the radio pulsar population
(e.g. Narayan & Ostriker 1990; Faucher-Giguere & Kaspi
2006; Gullén et al. 2014; Ciedlar et al. 2020; Graber et al.
2024; Pardo-Araujo et al. 2025). However, radio pulsars
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represent only a subset of the underlying neutron star
population, and analyses based solely on radio detec-
tions may bias the inferred birth properties.

Both magnetars and XDINSs probe regimes of mag-
netic field strengths and evolutionary timescales poorly
sampled by the radio pulsar population. Magnetars
trace the young high-field end of the birth distribu-
tion and exhibit strong magnetic field decay, whereas
XDINSs likely represent an evolved population of
middle-aged, cooling neutron stars and are believed to
be old magnetars (Vigano et al. 2013). Together, these
thermally emitting sources offer crucial leverage on the
shape and width of the initial magnetic field distribu-
tion, on the role of magnetic field decay, and on the con-
nection between different neutron star classes. In par-
ticular understanding the birth magnetic field distribu-
tion gives important clues on the formation mechanism
during supernova explosion and the fraction of neutron
stars that are born as magnetars (Makarenko et al. 2021;
Pardo-Araujo et al. 2026), which in turn have important
implications for studying the connections with fast ra-
dio bursts (FRBs) and gamma-ray bursts (GRBs) (see,
e.g. Rea et al. 2015; Stratta et al. 2018; Beniamini et al.
2025; Zhang & Hu 2025).

Recent advances in magneto-thermal evolutionary
models (Vigano et al. 2021; De Grandis et al. 2021;
Dehman et al. 2023c,b; Ascenzi et al. 2024) provide an
improved theoretical basis for studying the evolutionary
links between these classes of neutron stars and inter-
preting them in a unified framework. Incorporating re-
alistic prescriptions for magnetic field decay, envelope
composition, and the interplay between magnetic evolu-
tion and thermal cooling makes it possible to model not
only radio pulsars but also X-ray—bright neutron stars
within a single evolutionary scheme. Combining such
models with population synthesis has been attempted
in a few studies in the past couple of decades (e.g.
Popov et al. 2010; Gullén et al. 2015). These studies
showed that adding the thermally emitting neutron stars
helps to break degeneracies between simulation parame-
ters and better constrain their ranges, especially for the
ones describing the initial magnetic field distribution.
In particular Gullén et al. (2015) showed that a single
log-normal distribution for the initial magnetic fields is
unlikely to explain both populations of radio pulsars and
magnetars and an extra component extending to fields
up to 5 x 104 G is required.

In this work, we use the software ML-Poppyns'
(Ronchi et al. 2021; Graber et al. 2024; Pardo-Araujo

L https://ice-csic-astroexotic.github.io/code/ml_poppyns/
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MAGNETAR AND RADIO PULSAR POPULATION SYNTHESIS WITH SIMULATION-BASED INFERENCE 3

et al. 2025) to perform a comprehensive population syn-
thesis study aimed at constraining the birth and evo-
lutionary properties of isolated neutron stars by jointly
considering the radio pulsar population and the ther-
mally emitting neutron stars, including magnetars and
XDINSs. By combining realistic magneto-thermal evo-
lutionary tracks with emission models in the radio and
X-ray bands and survey-specific selection biases, we ex-
plore whether a unified scenario with a unique set of
birth properties can account for the observed diversity of
neutron stars. This multi-population, multi-wavelength
approach provides a more complete picture of neutron
star birth properties and offers new insights into the
connections between distinct observational classes.

The paper is structured in the following way: in Sec-
tion 2 we describe the observed dataset of radio pulsars
and X-ray emitting neutron stars used in this work; in
Section 3 we explain the ingredients of the ML-Poppyns
population synthesis framework; in Section 4 we high-
light the simulation based inference algorithm used to
perform the parameter inference; in Section 5 we de-
scribe the results and in Section 6 we discuss their im-
plication and compare with other works.

2. OBSERVED NEUTRON STAR POPULATION
2.1. Radio pulsars

We consider the same observational sample as de-
scribed in Pardo-Araujo et al. (2025) consisting of the
radio pulsars detected by three major surveys conducted
with Murriyang, the Parkes radio telescope: the Parkes
Multibeam Pulsar Survey (PMPS) (Manchester et al.
2001; Lorimer et al. 2006), the Swinburne Intermediate-
latitude Pulsar Survey (SMPS) (Edwards et al. 2001;
Jacoby et al. 2009), and the low- and mid-latitude High
Time Resolution Universe (HTRU) surveys (Keith et al.
2010). For the radio fluxes we consider the data from the
Thousand Pulsar Array (TPA) program Johnston et al.
(2020), which is part of the large survey project Meer-
TIME on the MeerKAT telescope. The TPA provides
a consistently observed sample with well calibrated flux
measurements at 1.429 GHz as reported by Posselt et al.
(2023). The number of pulsars detected by these three
surveys are the following:

e PMPS 1045,
o SMPS 218,
e HTRU: 1095.

The discrepancy between the number reported here for
the HTRU survey and the one in the previous work
of Pardo-Araujo et al. (2025) is due to reprocessing of
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archival data that leads to the discovery of 58 new iso-
lated pulsars Sengar et al. (2025). For more details on
the filters applied to construct this observational dataset
we refer to Pardo-Araujo et al. (2025).

2.2. Magnetars, XDINSs and other thermally emitting
X-ray pulsars

The observational sample we consider includes all neu-
tron stars that have a statistically significant thermal
component in the soft X-ray band in the energy range
[0.1 - 10] keV (see Table 1). The origin of this ther-
mal emission is attributed to the residual heat stored in
the neutron star interior and to the Ohmic dissipation
of the magnetic field in the neutron star crust (Vigano
et al. 2013, 2021). We only considered archival Chan-
dra and/or XMM-Newton observations, as they provide
the best combination of effective area and angular res-
olution among past and present X-rays observatories.
For all sources we estimated the absorbed flux in the
energy range 0.1 - 10 keV. More details on the data re-
duction and analysis can be found in Coti Zelati et al.
(2018); Marino et al. (2024), Dehman et al., in prep..
This observational dataset we are considering contains
23 magnetars and 7 XDINSs (1 of which is missing the
measurement of the spin period derivative, P)

Magnetars have been mainly detected through
episodes of very energetic outburst emissions. However,
here we only consider data during their quiescence phase
where their emission is mostly of thermal origin and can
be described by one or more black-body components
possibly with a power-law tail at higher energies that
has been attributed to the resonant cyclotron scattering
of the thermal seed photons emitted by the surface as
they interact with the charged particles gyrating around
the magnetic field lines in the magnetosphere (see Sec-
tion 3.4 Rea et al. 2008; Zane et al. 2009; Beloborodov
2013).

We do not include CCOs in this work since in our sim-
ulation pipeline we are not modeling fallback accretion
that could lead to the formation of objects like CCOs
(Vigano & Pons 2012).

Finally, also rotation-powered pulsars (RPPs) can
manifest X-ray spectra with both a thermal and a non-
thermal components. Especially for the youngest ones
these two components are usually attributed to the
release of heat from the surface and to the synchro-
curvature emission from charged particles in the mag-
netosphere, respectively (Becker & Truemper 1997; Xu
et al. 2025). In this work, we exclude RPPs as many
of them have spectra contaminated by the contribution
of a pulsar-wind nebula. As the nebula is brighter in
X-rays than the central neutron star, it introduces a
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4 RONCHI ET AL.

Table 1. Neutron stars used in this work with a significant thermal component in the quiescence phase, classified as magnetars
and XDINSs. We report their spin period, P, spin-period derivative, P, and the absorbed flux, Sx,abs, in the energy range 0.1

- 10 keV. Fluxes are reported with a 10% relative error.

1

Source Pls] P10 ss7 Sxaps [ergs™ cm™?] class
SGR1627-41 2.59 1.9 4.2 x 107 magnetar
1E2259+586 6.98 0.048 3.55 x 10711 magnetar

XTEJ1810-197 5.54 0.283 5.3 x 10713 magnetar
SGR1806-20 7.75 7.5 5.49 x 10712 magnetar
CXOUJ1647-4552 10.61 0.097 8 x 10713 magnetar
SGRJ0501+4516 5.76 0.594 2.5 x 10712 magnetar
1E1547-5408 2.07 4.77 3.2x 107 magnetar
SGRJ04184-5729 9.08 0.0004 1x107' magnetar
SGRJ1833-0832 7.57 0.35 6 x 107 magnetar
SwiftJ1822.3-1606 8.44 0.013 2.3 %1071 magnetar
SwiftJ1834.9-0846 2.48 0.806 1x1071 magnetar
1E1048.1-5937 6.46 2.18 5.56 x 10712 magnetar
SGRJ1745-2900 3.76 3.06 2x 107 magnetar
SGRJ1935+2154 3.24 1.43 8.6 x 10713 magnetar
1E1841-045 11.79 4.09 2.33 x 10711 magnetar
SGR1900+14 5.2 9.2 3.92 x 10712 magnetar
4001424614 8.69 0.2 1.13 x 10710 magnetar
1RXSJ170849.0-4009  11.01 1.95 3.75 x 10711 magnetar
CXOUJ171405.7-3810  3.83 6.4 1.69 x 10712 magnetar
PSRJ1119-6127 0.407 0.4 4.8 x 107 magnetar
PSRJ1622-4950 4.326 1.7 9 x1071° magnetar
SwiftJ1818.0-1607 1.36 5 2.51 x 10714 magnetar
3XMMJ1852+0033  11.559 0.014 4.46 x 10713 magnetar
RXJ0420.0-5022 3.45 0.002759 5.01 x 10713 XDINS
RXJ1856.5-3754 7.055 0.003 2x 107 XDINS
RXJ2143.0+0654 9.428 0.0041 2.51 x 10712 XDINS
RXJ0720.4-3125 8.391 0.006983 1x107 XDINS
RXJ0806.4-4123 11.37 0.0055 2.51 x 10712 XDINS
RXJ1308.6+2127 10.31 0.011 3.16 x 10712 XDINS
RXJ1605.3+3249 3.39 - 7.94 x 10712 XDINS

detection bias which we are not modelling in our simu-
lations. Moreover contrary to magnetars and XDINSs,
most RPPs are already detected in radio and probe a
range of magnetic fields which is already well represented
by the rich sample of radio pulsars.

3. POPULATION SYNTHESIS

To generate a synthetic population of neutron stars we
performed Monte Carlo simulations to model both the
dynamical and magneto-rotational evolution of neutron
stars. We then model their radio and X-ray emission
and apply observational biases both for the radio and X-
ray surveys to compare the simulated populations with
observations. We follow the same approach as in Ronchi
et al. (2021); Graber et al. (2024); Pardo-Araujo et al.
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(2025), hence we refer the reader to these works for more
details on the employed methodology.

3.1. Dynamical evolution

Following the same approach as in Pardo-Araujo et al.
(2025), we assume the dynamical properties are decou-
pled from the magneto-rotational ones, therefore we cre-
ate a database containing the information of a dynam-
ically evolved population of neutron stars. With this
purpose, we simulated a population of 2 x 107 neutron
stars, assigning them uniformly distributed random ages
up to 10% yr to ensure a sufficiently large database to
sample from for the subsequent magneto-rotational evo-
lution and detection.

For the initial positions we use the same strategy out-
lined in Ronchi et al. (2021) (but see also Graber et al.
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2024; Pardo-Araujo et al. 2025). We assume that the
progenitor OB stars follow the spiral arms parametrized
with a logarithmic model as in Yao et al. (2017) and the
Galactocentric exponential radial distribution found by
Verberne & Vink (2021) for supernova remnants. For
the Galactic height we assume an exponential disk pro-
file (Wainscoat et al. 1992) with a characteristic scale
height of 0.18kpc, consistent with the vertical distri-
bution of young massive stars in the Milky Way (Li
et al. 2019). The kick velocities are drawn from the log-
normal distribution found in Disberg & Mandel (2025)
with mean of 5.6 and standard deviation of 0.68. Af-
ter setting the initial conditions we evolve the neutron
stars positions and velocities in time by solving the New-
tonian equation of motion with the same prescription
as in Graber et al. (2024); Pardo-Araujo et al. (2025).
In this way we obtain a dynamically evolved database
of neutron stars that we can sample from to perform
the following steps of the simulation, i.e., the magneto-
rotational evolution and the detection.

3.2. Magneto-rotational evolution

In order to model the magneto-rotational evolution of
neutron stars we assume that the initial spin periods
follow a log-normal distribution of the form:

. 2
P(log Py) = (log Py ~ fhog ) > .

2
2Ulog P

1
— exp | —
vV 27T010gp (
(1)

Here and in the following we use log to refer to log;, to
not clutter the notation.

For the initial magnetic field distribution we consider
a double log-normal parametrized in the following way:

P(log BO) = Wiog BN(log By, Hlog B,15 Olog B,l)
+ (1 — wiog B)N (log By, fiiog B,2: Tlog B,2)
(2)
where,

N (log Bo,thog B.i» Tlog Bi) =

1 exp [ — (log By ; Hlog B,i)2 ’
V2T0l0g B,i 2Ulog B.i
(3)

with ¢ = 1,2 and wig p represents a weight parameter
for the first component with a range between 0 and 1.
The choice of this model for the initial magnetic field
distribution is given by the fact that a distribution ex-
tended to stronger magnetic fields is required to explain
the population of magnetars (see Popov et al. 2010;
Gullén et al. 2015; Sautron et al. 2025). The pres-
ence of two components in the initial magnetic field
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distribution implicitly assumes that the birth magnetic
field could originate either from different progenitors or
mechanisms that enhance the magnetic field during the
core collapse (Duncan & Thompson 1992; Barrere et al.
2022).

The initial inclination angle x between the spin axis
and the magnetic field axis is drawn randomly from a
uniform distribution in spherical coordinates, i.e., with
a probability P(x) = sin x.

After establishing the initial conditions, the spin pe-
riod and the inclination angle are evolved in time by
solving the coupled differential equations (Spitkovsky
2006; Philippov et al. 2014):

. w2 B2RS .
P:c37?*“0+mﬁfx% (4)
) 72 B2RS .
¥ = _CSW(@SIHXCOSX)’ (5)

where c is the speed of light, R = 12.59 km is the neutron
star radius for a fiducial neutron star mass M = 1.4 Mg
and assuming the equation of state BSk24 (Pearson
et al. 2018), and I ~ 2MR?/5 ~ 1.78 x 10*° gcm?
is the stellar moment of inertia. For realistic pulsars
surrounded by plasma-filled magnetospheres, we choose
Rop — K1 = Rg = 1.

3.3. Magneto-thermal evolution models

To model the coupled evolution of magnetic field and
thermal luminosity of neutron stars we rely on the re-
sults of 2D magneto-thermal simulations (see Vigano
et al. 2021). We assumed the equation of state BSk24
(Pearson et al. 2018) which has been proven to be able
to explain the luminosities of thermally emitting neu-
tron stars (Marino et al. 2024). We assume a neutron
star mass Mns = 1.4 Mg and a corresponding radius
Rns = 12.59km. The impurity parameter in the pasta
layer is fixed to 100 (Pons et al. 2013). For the impu-
rity in the outer and inner crust (excluding the pasta
layer), the fits of Carreau et al. (2020) have been used
(see Fig. 5 in that paper). The blanketing envelope
model we adopt is that of Potekhin et al. (2015), com-
posed of heavy elements such as iron and accounting
for magnetic-field effects. To assess the impact of dif-
ferent envelope compositions and whether the envelope
is magnetized on magneto-thermal evolution, we refer
the reader to Dehman et al. (2023a). We consider a
crust-confined magnetic field configuration that includes
only the dipolar (¢ = 1) poloidal and toroidal magnetic
field components. We set the two components to have
the same magnetic strength. As a result, the poloidal
dipole component contains (~ 90%) of the total mag-
netic energy, while the remaining (~ 10%) is stored in
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w0 the toroidal component. In the top panel of Fig. 1 we
s show the poloidal dipolar magnetic field evolution with
sn an analytical parametrization for magnetic field evolu-
s tion (dashed lines). As current magnetothermal simu-
a3 lations can properly model the surface temperature and
s field evolution only until ~ 10° yrs, in this work we
s used the same parametrization described in Graber et al.
ws (2024) which captures the trend of field decay for differ-
s7 ent initial magnetic field strengths by combining several
sis broken power laws together with a late-time power-law
370 evolution with power-law index ajate. Furthermore to
80 avoid the field decaying to unrealistically small numbers
se1 at very late times, we sample the log, of the final fields
s22 from a Gaussian distribution with mean p = 8.5 and
3 standard deviation ¢ = 0.5 in line with the distribu-
s8¢ tion seen for old millisecond pulsars (see Appendix A in
ss Graber et al. 2024, for more details). This allows us to
6 easily extract the dipolar field strength, B, at different
7 times, t, to compute the magneto-rotational evolution
s Of our synthetic pulsars.

s Together with the magnetic field decay, magneto-
s0 thermal simulations provide the coupled evolution in
1 time of the temperature profile T'(6,¢) on the neutron
s star surface, where 6 denotes the polar angular coor-
203 dinate. Given a temperature profile T'(6,t) at a given
s time, we can compute the total luminosity that a distant
35 observer would estimate by assuming black body emis-
6 sion from every element of surface area and integrating
07 over the neutron star surface:

=2

=

398 Lin(t) = 271'/ ospT e (0, t)4Rgo sin 6d6. (6)
0

300 Here, ogp = 5.67 x 10 ergem 2 K457 ! is the Stefan-
a0 Boltzmann constant, T,, and R, denote the tem-
a1 perature and neutron star radius that a distant ob-
a2 server would measure due to the curvature of space-time
203 around the neutron star and are defined as:

=2

2GMys \ 2
404 Too = (1 - %) Ta (7)
2GMys\
. Ry =(1-288 Rxs. 8
. (1-%R2) " s ®)

w06  When the temperature becomes too low the routines
w07 that model the microphysics in magneto-thermal sim-
a8 ulations do not provide reliable results. This happens
a0 at ages between ~ 10° — 10 yr. To perform population
a0 synthesis simulations at late times, we need to extend
a1 the luminosity after ~ 10° yr by considering the cooling
a2 during the photon dominated era. In order to get an
a3 estimate of the thermal evolution at the late stage, we
as assume that the surface temperature of the envelope,
as Ty, is linked to the temperature at the bottom of the
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Figure 1. Top panel: Evolution of the poloidal dipo-
lar B-field. The five solid curves represent realistic two-
dimensional simulations of magneto-thermal evolution in the
neutron-star crust (Vigano et al. 2021). The dashed lines rep-
resents the evolution predicted by the analytical prescription
used in Graber et al. (2024) with the parameter aiage = —1.0.
Middle panel: The corresponding evolution of the surface
thermal luminosity. The five solid curves represent realistic
two-dimensional simulations of magneto-thermal evolution in
the neutron-star crust (Vigand et al. 2021). The dashed lines
represents the evolution predicted by interpolating the origi-
nal curve with a bivariate spline and extrapolating to a range
of initial dipolar magnetic field values. Bottom panel: The
corresponding evolution of the rate of crust failures due to
magnetic stresses. The three solid curves represent the pre-
dicted crust-failure rate from realistic two-dimensional sim-
ulations of magneto-thermal evolution in the neutron-star
crust (Vigano et al. 2021). The dashed lines represents the
evolution predicted by interpolating the original curves with
a bivariate spline and extrapolating to a range of initial dipo-
lar magnetic field values. In all panels the colors represent
the initial poloidal dipolar magnetic-field strength, By.
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envelope, T}, at the interface with the crust via the re-
lation T, ~ T£'5+a, where a ~ 0.05 (see Eq. 34 in Page
et al. 2004). During the photon cooling era, we have that
T, o t~ % (see Eq. 42 in Page et al. 2004) which trans-
lates into a luminosity evolution L., oc T3t o t2e =¢10
(see Eq. 38 in Page et al. 2004). Therefore for the late
time evolution of the luminosity we consider a power-
law with the trend L o< t719. In the bottom panel of
Fig. 1 we show the surface thermal luminosity evolution.
As we performed simulations only for discrete values of
the initial poloidal dipolar magnetic fields, in order to
have an estimate of the luminosity for any initial dipo-
lar magnetic field we interpolate using a bivariate spline.
This approximation is used to extrapolate the luminos-
ity to all initial dipolar magnetic field values in the range
10! —10'6 G. These interpolated curves allow us to ob-
tain the thermal luminosity of a neutron star given its
initial poloidal dipolar magnetic field strength and its
age.

3.4. Modelling the X-ray thermal emission

By having the thermal luminosity at the surface we
can compute an average effective surface temperature
as measured by a distant observer given by:

T _ & 1/4
o 47TRc2>oUSB ’

This temperature can be used to define a black-body
spectrum.

Magnetars spectra show a non-thermal tail that is
attributed to the resonant cyclotron scattering effect
(Lyutikov & Gavriil 2006; Rea et al. 2008; Nobili et al.
2008). In this process the seed thermal photons coming
from the neutron star surface interact with the mag-
netospheric plasma composed mainly of electrons and
positrons gyrating along the magnetic field lines. Pho-
tons that have frequencies w close to the cyclotron fre-
quency wg = eB/(mec) will experience resonant scatter-
ing and their energy will be boosted. Multiple scatter-
ing events distort the observed spectrum and introduce
a power-law tail at high energies.

To compute the intensity spectrum distorted by reso-
nant cyclotron scattering, Ircs(E), we used the simpli-
fied semi-analytical 1D model described in Lyutikov &
Gavriil (2006) (see Appendix A for more details).

Once the scattered spectrum has been computed we
can estimate the total luminosity through the integral:

(9)

27 pm/2
Lx(E) = 4tR%, / / Ircs(F) cos € sin 0'df’d¢’
0 0
(10)
= 47TR¢2>07TIRCS (E)

462

46,

@

464

465

466

467

468

46

©

470

47

oy

472

47.

@

474

475

471

o

47

N

4T

o

47!

©

48

S

481

482

48,

@

48:

R

485

48

<3

48

Q

48

©

489

490

491

49;

]

49,

@

49:

=

49!

o

491

=3

49

N1

49

o

499

50

15}

50

2

50

S

50.

@

504

50!

&

501

=3

where 0’ denotes the angle between the normal to the
neutron star surface and a random line of sight direction
and ¢’ is an azimuthal angle. By knowing the distance
d from the neutron star we can derive the intrinsic flux

density as:
R\’
= (d> Ircs(E).

In order to compute the X-ray flux reaching the Earth
we need to correct for the interstellar absorption due to
photoionization. Given an intrinsic (not absorbed) X-
ray flux density Sx(F) where E denotes the energy in
keV, the absorbed flux can be derived by (see Wilms
et al. 2000):

~ Lx(E)

Sx(E) = Inde (11)

Sx obs(E) = e~ osMEINu g (B, (12)

Here, o1y (E) in units of cm? per hydrogen atom rep-
resents the energy-dependent effective absorption cross
section of the interstellar medium (ISM) which is nor-
malized on the hydrogen atom number. Taking into
account the phases of the ISM this cross section can be
written as:

OISM (E) = Ugas(E) + Umolecules(E) + Ugrains(E)- (13)

To compute oigm(F) we will only take into account
the neutral atomic gas, that is the og.s(FE) term, ne-
glecting the possibility of ionization and the presence of
molecules and grains in the ISM. As shown in Wilms
et al. (2000) (see also Willingale et al. 2013), including
these effects would give only a minor correction to the
total effective cross sections. Therefore we can rewrite
the equation above as (see Wilms et al. 2000):

o15M(E) ~ 0gas(E) ~ > Agopnz(E),  (14)
zZ

where, for an element with atomic number Z, the
relative abundance with respect to hydrogen is de-
fined as Ay = Nz/Ng. Table 2 in Wilms et al.
(2000) reports the logarithm of the relative abundance
logqo (Nz/Nu) + 12 where by definition the abundance
of hydrogen is set to 12. opn,z(E) denotes the photoion-
ization cross section. To derive the total effective cross
section o1gm (F) we translated into Python the Fortran
77 routines written by Balucinska-Church & McCam-
mon (1992). The original routines implement polyno-
mial fits of the atomic photoionization cross sections in
the energy range of 0.03 — 10 keV for seventeen elements.

In Eq. (12), Ny denotes the hydrogen column density
and has units of hydrogen atoms cm™2 and is defined as
the integral of the spatial density of neutral hydrogen,
ny, along the line of sight:
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NH = /anl, (15)
where [ represents the path length along the line of sight.
For a given neutron star with known equatorial sky co-
ordinates (RA, DEC) and heliocentric distance d the
value of Ny can be estimated using the reddening map
of the Galaxy and the calibration factor provided by
Doroshenko (2024).

The calibration factor converts reddening E(B — V)
provided by the map into an Ny value assuming a set of
abundances for the ISM. By default we use the abun-
dances specified in Wilms et al. (2000).

Finally to compute the total flux we integrate the flux
density in Eq. (12) in the energy band 0.1 — 10keV.

3.5. Crustal failures and outburst activity

Magnetars have been primarily discovered through
their flaring and bursting activity, often accompanied by
sudden increases with respect to their persistent thermal
and non-thermal emission by several orders of magni-
tude that could last for months or years, a phenomenon
commonly referred to as an outburst (Rea & Espos-
ito 2011; Coti Zelati et al. 2018). This highly variable
and powerful activity is supposed to be linked to recon-
nection events in neutron stars magnetosphere, possibly
triggered by the star’s interior evolution. In particular,
current models suggest that the evolution and the in-
stability of magnetar ultra-strong magnetic field could
cause mechanical stresses in the neutron star crust that
could accumulate to the point of exceeding the yield of
the crust, generating an event that can heat the crust up
locally and drag field lines, that could ultimately prop-
agate and trigger magnetospheric activity (Beloborodov
2009; Chugunov & Horowitz 2010; Carrasco et al. 2019;
Dehman et al. 2020; Lander 2023). As the flaring and
outburst activity represents a relevant bias towards the
discovery of highly magnetized neutron stars, we need to
model the rate of these events for a given neutron star.
In this regard 2D magneto-thermal simulations provide
an estimate of when and in which location the crust will
fail due to the stresses mentioned above (Perna & Pons
2011; Dehman et al. 2020). This information can be used
to compute the rate of crustal failures as a function of
time and initial poloidal dipolar magnetic field during
the magnetic field evolution. To evaluate the rate we
divide the total evolution time span in logarithmic bins
and count how many failure events are produced in each
bin. To obtain the rate of failures in each bin we then
divided the total count in each bin by the bin width.

In the bottom panel of Fig. 1 we show the rate of
crust failures as a function of time predicted by the 2D
simulations of magneto-thermal evolution. As we per-
formed simulations only for discrete values of the initial
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dipolar magnetic fields, in order to have an estimate of
the failure rate for any initial dipolar magnetic field we
interpolate using a bivariate spline. This approximation
is used to extrapolate the rate to all initial dipolar mag-
netic field values in the range 10'' — 10'6 G. As for the
thermal luminosity, these interpolated curves allow us
to obtain the crust-failure rate of a neutron star given
its initial poloidal dipolar magnetic field strength and
its age.

3.6. Radio detection

To compute the radio fluxes, beam geometry and
propagation effects due to the interaction of the radio
waves with the interstellar medium we use the same pre-
scription as in (Graber et al. 2024; Pardo-Araujo et al.
2025). In particular, to model the intrinsic radio lumi-
nosity we adopted Eq. (7) in Pardo-Araujo et al. (2025)
where the mean of the logarithm of the radio luminosity,
Hlog Ly» and the power-law index, ar, determining the
dependence on the spin-down power, are free parame-
ters. As in Graber et al. (2024); Pardo-Araujo et al.
(2025) we consider three major radio surveys conducted
with Murriyang, the Parkes radio telescope: the Parkes
Multibeam Pulsar Survey (PMPS) (Manchester et al.
2001; Lorimer et al. 2006), the Swinburne Intermediate-
latitude Pulsar Survey (SMPS) (Edwards et al. 2001;
Jacoby et al. 2009), and the low- and mid-latitude High
Time Resolution Universe (HTRU) surveys (Keith et al.
2010). A summary of all relevant survey parameters is
provided in Table 1 in Graber et al. (2024). For each
simulated neutron star whose radio beam intercepts our
line of sight we compute the signal to noise ratio using
the radiometer equation (Lorimer & Kramer 2012):

SmcanG\/npolAfbwtobs \/P — Wobs
ﬂ [T;ys + ,Tsky(lv b)] .

For a more detailed description of all relevant param-
eters in this equation we refer to Graber et al. (2024);
Pardo-Araujo et al. (2025). We only stress here that
compared with Graber et al. (2024); Pardo-Araujo et al.
(2025), we updated the radiometer equation by includ-
ing the efficiency factor, €, a function of the duty cycle
0 = weps/ P, determined by Morello et al. (2020) (see
their Eq. 44). Since pulsars are predominantly found via
incoherent searches based on Fast Fourier Transforms
(FFT), this efficiency factor models the decay in sensi-
tivity of pulsar searches when looking for pulsars with
small duty cycles. Sometimes this efficiency factor is in-
corporated into the degradation factor 8 by considering
values larger than ~ 1.25. Here we fix § ~ 1.25 that
only accounts for imperfections during the digitization
of the signal.

S/N =¢

(16)

Wobs
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3.7. Modeling the X-ray detection biases

The observational sample for the X-ray emitting neu-
tron stars is difficult to reproduce in a simulation frame-
work as it is subject to complex observational biases
which are not well under control. Many of these sources
have been discovered through targeted observations with
different X-ray instruments, therefore the sky coverage
and the threshold sensitivities are very inhomogeneous
and difficult to reproduce in a simulation framework.
Indeed many magnetars have been discovered through
their outburst activity whose high energy emission trig-
gered all-sky X-ray monitors onboard Swift—-BAT or
Fermi-GBM. This allowed to perform follow-up cam-
paign observations that allowed to detect a periodic-
ity and identify them as neutron stars Rea & Esposito
(2011); Coti Zelati et al. (2018). Moreover in the ob-
served catalog, for sources that underwent a magnetar-
like outburst, we are only considering sources with a
detected quiescent emission (note that some magnetars
were identified as such during an outburst event but
their quiescent emission is too faint to be detectable).
On the other hand sources like XDINSs have very stable
X-ray emission since several decades, and despite their
relatively faint X-ray luminosities could be detected due
to their high-fluxes, consequence of their close-by dis-
tances. To try to encompass all these different observa-
tional biases we adopt a simplified approach to model
the X-ray detection.

First, we consider an all-sky coverage for X-ray sur-
veys, i.e., we assume that X-ray instruments have
scanned the entire sky. We assumed that for 0.1 -
10 keV fluxes above a value of ~ 107 ergs™ ecm™2
the observed sample is complete. Indeed the observed
log N — log S (see black line in Fig. 4) has a change
in slope at fluxes lower than 102 ergs~! cm 2
ing that we are probably starting missing sources at
these flux values. Therefore we consider an average
flux threshold of 107*2ergs™ cm~?2 in the X-ray band
0.1 — 10keV with a standard deviation (in log) of 0.5.
This is also in agreement with averages flux thresholds
of early all sky surveys like with ROSAT (Truemper
1982; Voges et al. 1999). This allows the detection of
all sources that are intrinsically very bright or close-by
like the XDINSs.

On top of this first filter, we assume a second filter for
all simulated magnetar-like sources that show outburst
activity. In particular, for every simulated neutron star
we estimate the current crust-failure rate given its ini-
tial magnetic field and age as explained in Section 3.5.
Given this rate we estimated the probability for each
star to experience a crust failure event that could trigger
an outburst in the last 30 years. Indeed continuous all-
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sky monitoring capable of detecting new activity from
magnetars has only been available for approximately the
past 30 years, beginning with the launch of the Rossi
X-ray Timing Explorer (RXTE) mission (Bradt et al.
1993). Prior to this, transient activity was significantly
harder to detect, although some events may have been
captured by earlier all-sky surveys such as the ROSAT.
We assume that all outburst events are energetic enough
to trigger a detection and a deep follow-up observations
with X-ray instruments. In this case we assume an aver-
age flux threshold of 10~ ergs~! ecm~2 with a standard
deviation in log of 0.5. We assume this flux threshold in
order to match the faintest detected magnetar (see 1).
The choice for the flux threshold values considered here
comes from both trying to reproduce the observed X-
ray flux distribution and the typical sensitivity of X-ray
instruments for low and large exposure times (see for
example Fig. 3 in Watson et al. 2001; Weisskopf et al.
2002; Gehrels et al. 2004).

3.8. Representation of simulated output

The output of the simulations, consisting of the mock
detected neutron stars in radio and X-rays is represented
in the form of 2D P— P maps following the same strategy
as in Graber et al. (2024); Pardo-Araujo et al. (2025).
In particular, for each simulated survey we produce two
maps: a density P — P map and an average flux map
of the P — P diagram. Both types of maps have ranges
set to [0.01,100]s and [1072°,107?]ss™! for the P and
P axis respectively and a resolution of 32 bins on both
axis. The density map contains the information of the
number of pulsars detected in each bin while the flux
maps store the average value of the radio flux in Jy
or the X-ray flux in erg s~ cm™2 of the neutron stars
falling in that specific bin for the radio surveys or X-
ray survey respectively. Therefore the output of each
simulation is summarized in a total of eight 2D maps,
six for the radio surveys and two for the X-ray survey.

In Fig. 2 we show the maps for the real observed popu-
lation. Note that for the X-ray population (last maps on
the right) the top and bottom blobs represent the young
magnetar population (with estimated age less than 2
kyr, see Section 5 for more details) and the XDINS pop-
ulation respectively.

In order to smooth out abrupt features in the map
due to the random nature of the simulation we apply a
gaussian smoothing kernel. These maps associated with
the respective ground truth labels, i.e., the parameter
set used to simulate them, will be the input provided
to train the simulation based inference framework ex-
plained in Section 4. Furthermore, to make the training
procedure more stable we standardize both maps and
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labels so that the values have a mean of 0 and a stan-
dard deviation of 1. Standardization is performed on a
sample basis for the maps and on a dataset basis for the
labels (see Graber et al. 2024; Pardo-Araujo et al. 2025,
for more details).

4. SIMULATION-BASED INFERENCE

In recent years the development of machine learning
has allowed the emergence of new tools to perform pa-
rameter inference. Simulation based inference (SBI) is a
recently developed framework that combines the power
of bayesian statistics and deep learning to optimize and
perform parameter inference when using complex model
simulators (see Cranmer et al. 2020; Zammit-Mangion
et al. 2025, for reviews). In this work we use a simulation
based inference approach called neural posterior estima-
tion (NPE) (e.g. Papamakarios & Murray 2016; Lueck-
mann et al. 2017; Greenberg et al. 2019; Mishra-Sharma
& Cranmer 2022; Vasist et al. 2023; Dax et al. 2021;
Barret & Dupourqué 2024), which has been adopted
to infer neutron star population parameters in recent
population synthesis studies (Graber et al. 2024; Pardo-
Araujo et al. 2025; Sautron et al. 2025). We refer the
reader to these works for a more complete overview and
description of the different SBI methods and of NPE in
particular. In NPE a neural density estimator is trained
to directly map a simulation output, «, to the posterior
distribution P(@|x), which gives the probability for a set
of model parameters, 8, to have generated the output =
through a stochastic simulator. The neural density es-
timator, ¢, is parametrised by a neural network F' with
weights ¢ (i.e., ¢r(a,¢)). The network is optimised by
minimising the following loss function

N
£(¢) = - ZIHQF(wi,dJ) (01) (17)
i=1
over a training data set {6;,x;} of size N. This loss is
minimised when the neural density estimator approxi-
mates the true posterior, that is:

1r(2.0)(0) = P(0]).

In this work we adopt the sequential version of NPE
called truncated sequential neural posterior estimation
(TSNPE) (Deistler et al. 2022; Pardo-Araujo et al.
2025). The workflow of this algorithm can be summa-
rized with the following steps (Pardo-Araujo et al. 2025):

(18)

1. Sample the proposal prior distribution to obtain
0, ~P(0) fori =1,...,N where N is the number
of simulations we want to use for training.

2. Using the simulator, generate synthetic data x; ~
P(x|0;) based on 6; from step 1.
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3. Train the neural density estimator on the dataset
composed of pairs (8;, x;) obtained in the previous
steps.

4. Use the trained neural density estimator to ap-
proximate the posterior distribution P(8|xg) at
the observed data, x.

5. Restrict the prior distribution to the approximated
posterior distribution computed in step 4 (see Sec-
tion 3.3 in Pardo-Araujo et al. 2025, and reference
therein).

6. Update the proposal prior distribution with the
new restricted prior and return to step 1.

Steps 1 to 5 are performed several times and each it-
eration is commonly referred to as training round. In
this way the posterior is iteratively refined focusing the
computational resources on the region of the parameter
space that is more compatible with the observed data.
In each round the new generated simulations are added
to the ones used in the previous rounds and used all
together as a training dataset.

4.1. Neural posterior estimation setup

In this work we use the same setup as in Graber et al.
(2024); Pardo-Araujo et al. (2025), we summarize here
the main aspects important for this study. To setup
the inference procedure and the neural density estima-
tor we use the library sbi (v=0.22.0, Tejero-Cantero
et al. 2020). The output of the simulations is repre-
sented in the form of eight 2D maps as described in
Section 3.8 and is processed by a convolutional neural
network (CNN) as an eight-channel input. The CNN ar-
chitecture is constituted by two 2D-convolutional layers,
each followed by a 2D max pooling layer and a ReLLU ac-
tivation function (Glorot & Bengio 2010) and extracts
key features into a latent vector of size 32. This la-
tent vector is the input to the neural density estima-
tor which is a mixture density network (MDN) with
three fully connected layers with 32 neurons each and
ReLU activation function, followed by an output layer
comprising four fully connected sub-layers, correspond-
ing to the mean, weight, diagonal, and upper triangular
components of the covariance matrices for the Gaussian
mixture (see Fig. 6 in Graber et al. 2024). We use 10
Gaussian components in the mixture to ensure sufficient
flexibility when approximating the posterior. We fix the
batch size to 8, the fraction of training dataset to use for
validation to 0.1 and train both the CNN and the MDN
simultaneously using the Adam optimiser (Kingma &
Ba 2014) with an initial learning rate of 5 x 10~ and an
early stopping criterion of 20 epochs to prevent overfit-
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Figure 2. The eight density maps for the observed population of neutron stars. The top and the bottom row show the p-P
diagrams and the P-P averaged flux maps for the PMPS, SMPS, HTRU, and X-ray surveys, respectively. In the top row, the
color represents the density in neutron star number within each bin, while in the bottom row the color represents the averaged

flux in Jy for the radio survey maps and in erg s~' cm

~2 for the X-ray survey map within each bin. For bins without any stars

in the bottom row, the averaged flux in log scale has been set to -7 and -17 for the radio and X-ray maps respectively.

ting. This implies that training is stopped if the valida-
tion metric (given by the same Eq. 17 computed over the
validation dataset) does not improve for 20 consecutive
epochs, with the best validation weights saved. At each
training round the weights for the CNN are re-initialized
using the Kaiming prescription (He et al. 2015), while
for the MDN the weights are initialised with PyTorch’s
default initialisation. Moreover in order to take into ac-
count the variance of the initialization and the training
process in each round we train an ensemble of 5 neu-
ral networks with identical architectures as described
above. The final posterior in each round is then given
by a weighted sum with equal weights of the individual
posterior distributions computed by each network (see
Graber et al. 2024; Pardo-Araujo et al. 2025, for more
details). In each of the experiments described below in
Sections 5.1 and 5.2 we train the TSNPE algorithm over
10 rounds. In the first round we use 30000 simulations
for training and validation and 3000 for testing purposes.
In the first round we adopt the following uniform prior
ranges for the parameters:

~1.5,0.5),
0.1,1),
12,13.5),
0.1,1),
13.5, 15),
0.1,1),

Hlog P €U
Tlogp €U (19)
Hlog B,1 €U
OlogB,1 €U
Hog B2 €U
OlogB2 €U

AAA/.\,_\/_\

833

834

835

836

837

83

&®

83!

©

84

=

842

843

844

845

846

847

848
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In each of the following rounds we generate 1000 new
simulations by sampling the restricted prior. This num-
ber has been chosen arbitrarily but as in Pardo-Araujo
et al. (2025) it guarantees a good compromise between
computational costs and network convergence as shown
in Fig. 5. We then retrain the ensemble on the new
dataset formed by adding the new simulations to the
ones of the previous round. The training process is
executed on a Tesla V100 SXM2 GPU with 32GB of
memory. The generation of simulations in each TSNPE
round for both the training and test datasets are paral-
lelised to speed up the algorithm. For this, we use the
Python package Dask (Dask Development Team 2016),
a library for dynamic task scheduling. In total, 600 CPU
workers are employed to handle the parallelised simula-
tions.

5. RESULTS
5.1. Inference on the entire population

We first train the TSNPE algorithm over 10 rounds
with the setup explained in Section 4.1 considering the
entire observed population of radio and X-ray emitting
neutron stars described in Section 2.
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Table 2. Comparison between best parameters values in-
ferred by considering the whole sample of radio pulsars and
X-ray emitting neutron stars (Radio + X-ray) and by con-
sidering the radio pulsars and a restricted sample with only
the young magnetars and the XDINSs (Radio 4+ young mag,
XDINSSs).

Parameter Radio + X-ray Radio + young mag, XDINSs
Hlog P =0.197573 —0.2675 3
Tlog P 0.6170:33 0.70554

foog 5.1 12701555 12.72555)
Tlog B,1 0457015 0457513
[og B.2 13.857042 14.11795%
Olog B.2 0.357018 0.497933
Wiog B 0.83+9-1¢ 0.74%5:31

Qate —0.897531 —0.857926
Lo Lo 25.7870:24 25.70702%

oL 0.71+5-09 0.7340:09

After round 5 the approximated posterior results are
stable therefore we use the model trained in this round
to infer the best parameter values. In the first column
of the table 2 we list the median of the best inferred
parameters from round 5 with the 95% credible interval.

We sample 100 parameter sets from this posterior dis-
tribution and generate the respective simulations.
this way we take into account the uncertainty on the in-
ferred parameters and their correlation. We then com-
pare the results of these simulated populations with the
real observed populations. In Fig. 3 we show the com-
parison between our best simulations and the observed
dataset in the P — P diagram. The contour lines rep-
resent the number density of the simulated populations
plotted over the real observed radio pulsars (dots) and
X-ray emitting neutron stars (crosses). Both the radio
pulsar population as well the entire X-ray emitting neu-
tron star populations are well reproduced by the simu-
lations.

In

However if we focus our attention on the sub-
populations of young magnetars (pink crosses and con-
tour lines) and of the XDINSs (orange crosses and con-
tour lines), our simulations struggle to reproduce the
observations. To define the sub-population of young
magnetars we follow Pardo-Araujo et al. (2026) and se-
lect from the observed dataset the ones whose age es-
timated from a supernova remnant association or from
the characteristic age is lower than 2 kyr (pink crosses).
To compare with this sub-sample in our simulations we
then select the neutron stars with simulated ages lower
than 2 kyr (pink contour lines). For the sub-population

of XDINS-like sources (orange contour lines) we consider
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the simulated neutron stars within a distance of ~ 500
pc from the Sun and an age greater than 10° yr to mimic
the properties of the observed XDINSs. While the sim-
ulations are able to predict a number of detected young
magnetars of 6 + 3, which is compatible with the seven
observed, they predict their distribution to be shifted at
lower spin periods and spin-period derivatives. On the
other hand, for the XDINSs the simulations are able
to reproduce their timing properties but they under-
estimate their number to be 2+ 2 compared to the seven
observed sources.

By counting the number of neutron stars we need to
generate in each simulation to reach the observed de-
tected numbers in each survey (see Section 2) we can
estimate a neutron star birth rate for each of the simu-
lated survey. The estimated mean and standard devia-
tion of the birth rates for the different surveys are the
following:

PMPS: ~ 3.6 £+ 0.8 neutron stars per century,

SMPS: ~ 3.0 £ 0.7 neutron stars per century, (20)

HTRU: ~ 3.0 & 0.7 neutron stars per century,

X-ray: ~ 3.1 & 0.9 neutron stars per century,

Note that these values are compatible between each
other at 1-o level but are higher than the core collapse
supernovae rate of 1.63 £ 0.46 per century estimated by
Rozwadowska et al. (2021).

In Fig. 4 we compare the observed log N — log S dis-
tribution for the absorbed X-ray fluxes (black line) with
the one predicted by the simulations (purple line and
bands). The observed log N —log S is marginally consis-
tent falling inside the 3-0 uncertainty of the simulations.
However, in our simulations we observe a lack of bright
sources with fluxes above ~ 1072 ergs~'cm™2. Since
the tail at high fluxes is where young or nearby bright
sources dominate and where the completeness level of
the observed sample is higher, this lack of sources in our
model is another indication that the simulations either
under-estimate the detected numbers or the observed
fluxes for these two sub-populations (see Section 6 for
more discussion about this aspect).

5.2. Inference on the sub-sample of young X-ray
population and XDINSs

As a second experiment we check the impact on our
inference results of considering only the restricted sam-
ples of young magnetars and XDINSs as defined in the
previous section. This should represent a less biased and
more complete sample. Young sources are intrinsically
rare and X-ray bright, therefore, observational biases
are not expected to significantly affect their detection.
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Figure 3. Comparison in the P — P diagram between the observed population of radio pulsars and X-ray emitting neutron
stars and the best simulated populations assuming a double log-normal initial magnetic field distribution. Points and crosses
represent the observed radio pulsars and X-ray emitting neutron stars. Pink crosses represents the young (estimated ages lower
than 2 kyrs) magnetars, while orange crosses the observed XDINSs. The contour lines represent density contours obtained from
100 simulations generated from sets of input parameters drawn from the posterior distribution obtained from round 5.
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Figure 4. Comparison of the log N —log S distributions for the observed and simulated X-ray thermally emitting neutron stars.
The black line represents the trend for the observed population while the purple line and bands represent the median, the 1-o
and 3-0 uncertainties computed over 100 simulations generated from sets of parameters drawn from the posterior distribution

obtained from round 5.

XDINSs on the other hand are observed to have a high
X-ray flux due to their proximity. These should repre-
sent an almost complete sample considering a limiting
distance of ~ 500 pc from the Sun (in Kurpas et al.
2026, they discuss possible new candidates, with only
one being closer than 500 pc). This results in a total
of 13 X-ray bright sources to use for inference beside
the radio pulsar population. We generate the maps us-
ing this extra filter on the X-ray population for both
the simulations and the observed sample and train the
TSNPE algorithm. The inferred posterior distribution
conditioned on these restricted observed data for each
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round are displayed in Fig. 5. As in the previous experi-
ment, overall the posterior distribution is stable over the
training rounds.

In order to compare the simulated population from the
best parameters inferred from the posterior with the real
one, we choose to use the posterior estimate from round
5 as it displays conservative results which encompass
the ranges of the posterior estimated in the following
rounds. To assess the quality of the trained posterior
estimator in this round we check its predictive power
over the test dataset by comparing its posterior predic-
tions compared to the ground truth labels (see Fig. 11).
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Moreover we computed the coverage probability over the
same test dataset (see Fig. 12) which shows that the
approximated posteriors are conservative since the cov-
erage probability is overall greater than the credibility
level (Hermans et al. 2021; Graber et al. 2024; Pardo-
Araujo et al. 2025, see Appendix B for more details).
These aspects highlight the robustness of the inference
results. In the second column of table 2 we list the me-
dian of the best inferred parameters from round 5 with
the 95% credible interval.

As in the previous section we sample 100 parameter
sets from this posterior distribution and generate the
respective simulations. We then compare the distribu-
tions of these simulated populations with the real ob-
served populations in the P — P diagram (see Fig. 7).
The radio pulsar population is still well reproduced by
the simulations. On the other hand, when looking at
the X-ray population, while this time the young mag-
netars (pink crosses) and XDINSs (orange crosses) are
well reproduced by the simulations, the bulk of the mock
observed X-ray emitting neutron stars (purple contour
lines) is shifted towards longer periods when compared
with the real data.

The estimated mean and standard deviation of the
birth rates for the different surveys are the following:

PMPS: ~ 3.8 + 0.8 neutron stars per century,

SMPS: ~ 3.2 £ 0.7 neutron stars per century, (21)

HTRU: ~ 3.2 £ 0.7 neutron stars per century,

X-ray: ~ 0.9 + 0.5 neutron stars per century,

Note that also in this case the predicted core collapse su-
pernovae rate is larger than the value from Rozwadowska
et al. (2021). In particular while the values of the three
radio surveys are still compatible between each other at
1-0 level, for the X-ray survey the mean birth rate is
significantly lower compared to the others. This is an
indication that this time our simulations are overesti-
mating the number of detected X-ray emitting neutron
stars compared to reality. However while overestimating
the numbers for the entire X-ray detected population,
these simulations predict 10 & 4 young magnetars and
6 + 3 XDINS-like sources allowing a better agreement
with the real observed numbers, i.e., 7 and 7 respec-
tively.

In Fig. 8 we compare the log N — log S distributions.
In the left panel we show the distribution when consider-
ing only the young magnetars and XDINS-like sources.
In this case, the observed log N —log S falls inside the 1-
o uncertainty of the simulations. When considering the
whole X-ray population (right panel) the simulations are
compatible at 1-o level with the high-flux tail of the ob-
served distribution. On the other hand at lower fluxes,
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while being still compatible with the observed distribu-
tion at a 3-0 level, the simulations predict more sources
at flux values between 10714 — 10712 ergs~! cm~2. This
excess is also reflected in the P — P diagram where the
number of mock detected sources with fluxes in this
range but with spin periods in the range between 10
to 100 s is overestimated, as highlighted above. Never-
theless, it is important to note that the simulations are
able to reproduce the tail at high fluxes where young
or nearby bright sources dominate and where the com-
pleteness level of the observed sample is higher.

In Fig. 9 we show the best fit distribution for the initial
magnetic fields together with its uncertainty. In particu-
lar we draw 10000 values from the posterior distribution
obtained from round 5 (see Fig. 6) and evaluate the me-
dian distribution (purples solid lines) and the 1o and 30
uncertainties (dashed regions).

6. DISCUSSION

Compared with the results on radio pulsars obtained
in Pardo-Araujo et al. (2025), here we find that the ini-
tial spin period distribution is shifted to larger values
even if the values are consistent within the uncertain-
ties. The uncertainty on the parameters describing this
distribution is still large and indicates that these param-
eters are difficult to constrain as already discussed in
previous works. The memory of the initial spin periods
is rapidly lost during the magneto-rotational evolution.
Adding the sample of X-ray emitting neutron stars at
higher magnetic field values does not help in these re-
gards as the stronger the magnetic field the faster is the
evolution in the P — P diagram.

As pi10g p is negatively correlated with the initial mag-
netic field parameters (see Fig. 6), an initial spin period
distribution shifted to larger values allows for lower val-
ues of g B,1. Therefore the first gaussian component
of the magnetic field distribution is shifted to slightly
lower values compared to Graber et al. (2024); Pardo-
Araujo et al. (2025). This is also compensated by the
addition of the second component at stronger magnetic
fields that helps providing sources with magnetic fields
above 10 G that can be detected as radio pulsars (see
Fig. 9).

As in Pardo-Araujo et al. (2025) we find a slightly
negative correlation between the radio luminosity pa-
rameter, [iog Ly, and Uiog p, and a slightly positive cor-
relation between jiog 1, and piog p,1- This means that
as the radio pulsar population shifts to the right and to
the bottom of the P — P diagram because of a larger
Hiog p and a smaller e B,1 Tespectively, the radio lumi-
nosity can also be slightly smaller as otherwise too many
pulsars with low rotational energy would be detected.
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Figure 5. Results of the TSNPE algorithm applied to our population synthesis where we assumed a double log-normal initial
magnetic field distribution. Each row shows the marginalized posterior obtained in each round of inference where the columns
refers to different parameters. The last column shows the coverage probability computed on the test dataset. This is only
computed in the first round. In each panel, for a given parameter the marginalized posterior computed in that specific round id
shown in blue, while the marginalized posteriors from previous rounds are shown in light gray. The gray shaded area represents
the 95% credibility interval of the approximated posterior for that round. In each of these 1-D marginal posterior distribution,

the horizontal axes represent the parameters’ prior ranges.

Turning to the parameters relevant for the X-ray pop-
ulation, we find that when inferring on the entire sam-
ple of X-ray emitting neutron stars, the second compo-
nent of the initial magnetic field is centered at values of
~ 7 x 10'3G. On the other hand when focusing the
inference on the sub-populations of young magnetars
and XDINSs the mean value of this component shifts
to ~ 1 x 10 G. This difference is due to the fact that
in the first case, when fitting the entire observed X-ray
wrs population, the TSNPE algorithm tries to reproduce the
wre spin period distribution which shows a clear cut off at
w7 periods of around ~ 10—20s. To achieve this, the initial
s magnetic field cannot be too large, otherwise, the spin-
w9 down would be too strong, leading to final spin periods
wso larger than those observed. However, by limiting the
e initial magnetic field strength the simulations poorly re-
ws2 produce the high P values of the young magnetars as can
1083 be seen by looking at the pink contour lines and crosses
g in Fig. 3. Moreover, another counter effect is the reduc-
s tion of the X-ray luminosities and the observed fluxes,
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which is indeed evident in the log N —log S distribution
(see Fig. 4). On the other hand, when focusing the in-
ference on the young magnetars and XDINSs, a second
component with stronger initial magnetic fields can re-
produce both sub-populations. This implies also higher
thermal luminosities and a better fit to the high-flux tail
of the log N — log S distribution (see Fig. 8). However,
the resulting population of X-ray emitting neutron stars
tends to have spin periods longer than those observed
due to a stronger spin-down (see Fig. 7).

In general the uncertainty on the values of the pa-
rameters describing the second component of the initial
magnetic field distribution is large as can be observed
by the large variance associated to this component in
Fig. 9. This is a consequence of the low number statis-
tics for the X-ray emitting neutron stars (see also Ap-
pendix B). This can indeed introduce random statistical
noise in the maps of the simulated and observed samples
which makes the training process more challenging and
uos the inference results less precise. On the other hand this
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Figure 6. Corner plot of the posterior distribution conditioned on the observed data restricted to the radio pulsars and the
sub-populations of young magnetars and XDINSs. The posterior is estimated from the round 5 of the TSNPE algorithm and

adopted for the best parameter estimation in Section 5.2.

could be also an indication that the chosen parametri-
sation describing the shape of the initial magnetic field
distribution or the adopted models for the evolution of
magnetar-like sources in the P— P diagram or the obser-
vational biases are not describing faithfully the reality.

6.1. The ~ 20 s cut-off in the magnetar population

m2  The presence of a cut-off in the observed spin pe-
s riod distribution at around ~ 20s is intriguing and it
e has been challenging to explain in previous population
ws synthesis studies (see for example Gullén et al. 2015).
s The fact that also our models struggle to reproduce this
w1z sharp feature could be due to different aspects.

ms  First of all our treatment of the outburst rate is sim-
o plified, primarily as we rely on 2D magneto-thermal sim-
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Figure 7. Comparison in the P — P diagram between the observed population of radio pulsars and X-ray emitting neutron
stars and the best simulated populations assuming a double log-normal initial magnetic field distribution. Points and crosses
represent the observed radio pulsars and X-ray emitting neutron stars. Pink crosses represents the young (estimated ages lower
than 2 kyrs) magnetars, while orange crosses the observed XDINSs. The contour lines represent density contours obtained from
100 simulations generated from sets of input parameters drawn from the posterior distribution obtained from round 5.
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the black line represents the trend for the observed population while the purple line and bands represent the median, the 1-o
and 3-0 uncertainties computed over 100 simulations generated from sets of parameters drawn from the posterior distribution

obtained from round 5.

ulations where failures are obtained under simplified as-
sumptions (see Dehman et al. 2020, for more details),
secondly as we consider that all crust failures events
23 lead to a detectable outburst. This picture does not
2 take into account the energy of these events and their
uzs luminosity in gamma-ray and X-ray photons. Quan-
uz tifying the efficiency with which the energy dissipated
uzr by the stresses is converted into photon luminosity that
u2s could be detected by gamma-ray and X-ray instruments
u2 is challenging (Lander 2023; Qu & Bransgrove 2026).
0 Moreover we are not taking into account sensitivities

1120

1121

1122

nzn and limitations of current and past X-ray observatories
uz for transient detection. Onme issue for example is that
outbursts occurring during periods when the source is
134 Sun-constrained, i.e., too close to the Sun to be ob-
served, will be missed. This happens for a few months
each year for every source effectively reducing the de-
tectability time-window; Therefore, combining all these
aspects, in our simulations we are likely overestimating
u the number of sources that could be detectable due to
e an outburst event and this could also lead to an over-
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Figure 9. Best fit distribution of initial magnetic fields
for the inference experiment on radio pulsars, young magne-
tars and XDINS. The purple solid line represents the median
value while the shaded regions represents the 1o and 3¢ un-
certainties computed over 10000 random samples of the pos-
terior distribution shown in Fig. 6.

detection of sources at long spin periods which have not
been observed in reality.

A second aspect to consider is that our results rely
on the assumption that the configuration of the initial
magnetic field has only a dipolar poloidal and toroidal
components. For the magnetar population this could
not hold, the presence of strong multipole components
beside the dipole (Dehman et al. 2023b, e.g.) could af-
fect how the magnetic field evolves, implying a faster
decay and an enhanced dissipation in the neutron star
crust that could lead to higher X-ray luminosities in the
first stages of the magnetar evolution. A faster decay
could help explain the sharp drop of sources at a spin
period of ~ 20 s as the spin-down evolutionary trajec-
tory would bend down sooner in the P — P diagram. A
different configuration of the field also affects the rate of
expected crustal failures and consequently of outburst
events. The presence of strong multipolar components
in general should enhance the stresses in the crust and
the rate of failures leading to more outburst events and
a greater number of detectable magnetars.

A second aspect could be related to the evolution-
ary models. In the case of young magnetars their fre-
quent flares and outburst activity could cause changes in
the magnetosphere configuration and particle winds that
could momentarily enhance the spin-down rate (Tong
et al. 2013; Pétri 2019). In this case assuming a force-
free dipolar magnetospheric spin-down model could be
an over-simplification and could bias the estimate of the
surface dipolar magnetic field of young magnetars and
therefore their birth properties. A different evolution-
ary track in the P — P diagram where the P is enhanced
could also contribute to explain the timing properties of
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magnetars. However an enhanced spin-down acting for
long time would lead to longer final spin periods which
would be against the observed cut-off at ~ 20 s. If the
enhanced spin-down is only temporary this would imply
that we are detecting magnetars only in this short tem-
porary phase which would make such detections more
unlikely unless a strong detection biases like an outburst
event is present.

6.2. FEstimate of the magnetar fraction

When inferring considering the entire X-ray popu-
lation we find that the second component of the ini-
tial magnetic field distribution has a relative weight of
17ﬁ§%. On the other hand when focusing on the young
magnetars and XDINSs we find 2672°%. This number
can also be interpreted as the fraction of neutron stars
born with a strong magnetar-like magnetic field. These
values are consistent within the uncertainties with the
value 10.773%8% inferred by Sautron et al. (2025) who
performed a simulation based inference study although
only considering magnetars and with the estimates of
Pardo-Araujo et al. (2026) who put constraints on the
fraction of neutron stars born as magnetars by com-
bining the young population of neutron stars and their
supernova association, CCOs and XDINSs. While using
the same simulation framework and similar assumptions
as in Pardo-Araujo et al. (2026) the approach here is
slightly different as we focus on the entire evolved pop-
ulation. This makes this study and results to be more
sensitive to the modelling of the correct observational bi-
ases and evolutionary scenarios. In Pardo-Araujo et al.
(2026), we found a conservative range for the magne-
tar fraction of 30-70%. Their Extended Data Figure
4 shows that the inferred magnetar fraction decreases
as the neutron star birth rate increases. Therefore, our
lower estimated magnetar fraction is consistent with the
higher birth rates we predict (3—4 neutron stars per cen-
tury, see Eq. 21). Overall if we combine these estimates
we can argue that most likely the Galactic neutron star
birth rate lies in the range 3-4 neutron stars per century
of which a fraction of ~ 30—50% are born as magnetars.
Constraints on the magnetar fraction are important to
asses the impact of these progenitors as possible engines
of extreme events such as FRBs (Beniamini et al. 2023,
2025), superluminous supernovae (Inserra et al. 2013),
as well as the plateau phases observed in many GRB
afterglows (Metzger et al. 2011; Lii & Zhang 2014).

6.3. The long-period pulsar subpopulation

Recently a pulsar with a spin period of ~ 76 s (Caleb
et al. 2022) and several Long Period Transients (LPTs),
recurring on timescales ranging from hundreds of sec-
onds up to several hours, have been discovered in radio
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Figure 10. Distribution of the final spin period of the entire
evolved neutron star population as a function of different
ranges of final magnetic fields.

(see Rea et al. 2026, for a review). Neutron stars and
in particular magnetars have been suggested as possible
engines to produce the emission of some of these LPTs.
In the assumptions of our best models, in order to see
how many neutron stars we expect in our Galaxy to have
ultra-long spin period we performed a simulation adopt-
ing the best parameter values inferred in Section 5.2. To
simulate the full population we assume a birth rate of
3.5 neutron stars per century and evolve it up to a max-
imum age of 10® yrs for a total of 3.5 x 10% neutron
stars. Note that the birth rate value we consider here
is consistent with the values obtained in Section 5.2. In
Fig. 10 we report histograms of the final spin periods
considering different ranges of final magnetic fields for
the entire population. We predict that the total num-
ber of sources with spin periods above 20s should be
~ 2 x 10° sources (~ 6% of the entire population) with
~ 400 objects (~ 0.01%) with still magnetar-like mag-
netic fields above 10'* G. In particular we expect the
number of neutron stars with spin periods above 100 s
to be ~ 5000 sources (~ 0.1%). We note that in our
simulation framework neutrons stars with spin periods
longer than a few seconds becomes hard to detect. This
is due to a combination of factors. First of all we assume
a radio beam aperture which as an inverse dependence
on the spin period as o« P~1/2 (see Eq. 13 in Graber
et al. 2024, and references therein). Moreover neutron
star reaching long spin periods are usually the ones with
stronger magnetic fields and therefore a stronger ten-
dency of evolving towards being aligned rotators, i.e.
with magnetic field dipole axis aligned with the rota-
tion axis (see Eq.(4)). These aspects naturally reduce
the probability of the radio beam intersecting our line of
sight for slow rotators. Furthermore without consider-
ing alternative evolutionary spin-down models (see, e.g.,
Ronchi et al. 2022; Gengali & Ertan 2024; Zhou et al.
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2024) and assuming dipolar spin-down only, we predict
that very few sources could reach spin periods around
1000 s. Therefore without other mechanism to enhance
spin-down our models could explain only the fast spin-
ning end of the LPT population.

6.4. The source populations of FRBs

There is broad and convincing evidence that FRBs
are emitted by young, energetic neutron stars (e.g.,
Pastor-Marazuela et al. 2025). As the bursts are, on
average, 10'? times brighter than normal pulsars (cf.
van Leeuwen et al. 2023), the inferred energy budget
suggests that magnetars, specifically, could be emitting
these bursts. The case is strengthened by both single-
object and population evidence: the detection of a short
bright burst from magnetar SGR 1935+2154 (Bochenek
et al. 2020), the agreement in burst wait-time statistics
between specific repeaters and magnetars (e.g. Wadias-
ingh & Timokhin 2019), and the finding that the number
density, spectral index and dispersion measures of the
population of FRBs agrees qualitatively with the expec-
tations for a magnetar origin (Gardenier & van Leeuwen
2021). The population synthesis method we described
here has the potential to make this link much more quan-
titative. By connecting our radio and X-ray results to
the state-of-the-art in FRB population synthesis codes
(e.g. Wang & van Leeuwen 2024) we will be able to de-
termine, for example, if FRB repetition frequency, too,
is guided by the same outburst prescriptions that drive
magnetar flares (Sect. 3.5, and bottom panel of Fig. 1).
Such a detection would offer strong evidence that FRBs
are, indeed, distant magnetars.

7. CONCLUSIONS

We performed a simulation based inference study to
constrain the Galactic population of neutron stars. Our
approach was unique in constructing a unified frame-
work for the populations of radio pulsars, magnetars,
and XDINSs with a significant thermal component in
their spectra. To achieve this we developed ML-Poppyns,
a population synthesis framework that combines mod-
els to simulate the birth, evolution and detection of a
Galactic population of neutron stars, with simulation
based inference that exploit the power of neural net-
works to perform parameter inference. To reproduce
the properties of magnetars and XDINSs, we incorpo-
rate results from state-of-the-art 2D magneto-thermal
simulations to model the coupled evolution of magnetic
fields, surface temperature and crustal failures.

Using these, we determine which source population
best describes the observed one. This underlying pop-
ulation can help refine the expected detection numbers
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uu for future instruments like the Square Kilometer Array
s (SKA Keane et al. 2015, 2025) in the radio band and
13 eXTP (Santangelo et al. 2019) and NewAthena (Cruise
1 et al. 2025) in the X-ray band. It also can serve as a
s starting point for investigating the impact of strongly
116 magnetic neutron stars as central engines for powerful
117 events such as FRBs and GRBs.

s We show that an initial magnetic field distribution
19 described by two log-normal components with means of
120 5 x 1012 G and 1 x 10'* G respectively, is able to repro-
1321 duce the properties of radio pulsars, young magnetars
1322 and XDINSs. It does, however, struggle to explain the
1323 absence of detected sources with spin periods larger than
12 ~ 20s. We also find that to simultaneously explain the
125 detected numbers at both electromagnetic wavelengths,
126 we require a Galactic neutron star birth rate of 3-4 neu-
1327 tron stars per century, with a 10-50% magnetar fraction.
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1337 CEX2020-001058-M. We also acknowledge support from
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PyTorch (Paszke et al. 2019), sbi (Tejero-Cantero et al. 180 Sphinx.

APPENDIX

A. RESONANT CYCLOTRON SCATTERING

The non-relativistic classical resonant scattering cross section can be approximated as (see Canuto et al. 1971; Nobili
et al. 2008; Yamasaki et al. 2020):

2
9 €

§(w — wp)(1 + cos? 0), (A1)

Ores(W) ~ T o

where 6 is the angle between the photon trajectory and the direction of the magnetic field line.
The effectiveness of the process is quantified by the resonant scattering optical depth 7yes which can be estimated
by the integral:

Tres = /negres(w)dl (AQ)
N/ NeOres(w)dr’

Rns
2,2 T
_ TN (1 + cos? 9)/ §(w —wg(r))dr’
meC Rns
m2e’n,

r
1 20)——
MeC (1+ cos )3w3

= 10(1 + cos? §),

where the integral is performed along the line of sight [, for simplicity taken to be the radial distance r from the star
surface, n, is the density of the magnetospheric plasma (assumed to be constant), and 7g:

w2e2n,r

= —. A3

70 3mecwp (A3)

Note that wp depends on the distance r since in the simplifying assumption of a poloidal dipole field we have that

B(r) ~ BpR3/r® where Bp is the magnetic field strength at the pole. Therefore to solve the integral we used the
property of the Dirac delta function:

+o0 1
| dtanas et (A4)
where z; are the zeros of the function f(x). In our case f(z) is w —wp(r) and its derivative with respect to r is 3wp /7.
The zeros of our function are the values of the radial distance r where wg(r) = w, i.e., where the frequency of the
photon matches the cyclotron frequency.

To compute the spectrum distorted by resonant cyclotron scattering we used the simplified semi-analytical 1D model
described in Lyutikov & Gavriil (2006) (see also Rea et al. 2008). In this model it is assumed that the seed thermal
photons coming from the surface propagate in the radial direction. They interact with the magnetospheric electron-
positron plasma where particles are gyrating along the magnetic field lines and are assumed to have a top-hat thermal
velocity distribution centered at zero and extending up to velocities =41. For simplicity it is assumed that photons
propagate parallel to the magnetic field lines, either away or towards the star, hence in Eq.(A2), cosf = £1 and
Tres = 279. A photon with a given energy Eg = hwy will resonantly interact with electrons that are gyrating with a
cyclotron frequency that matches their energy. This will define the distance from the star r where the interaction will
happen. The probabilities that a photon with energy Ey = hwo undergoes resonant scattering and is transmitted or
reflected are given by Eqs.(35) in Lyutikov & Gavriil (2006) which we report here:
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e where n = (E — Ey)/Ep and £ = (Ey — E)/Ey and E represents the energy of the scattered photon. Rewriting the
7 probabilities above in terms of the energies gives the expressions (see Eq.(36) in Lyutikov & Gavriil 2006):

o T 481tEy — E + E,
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481 Ey

w2 From the plots in Fig. 2 in Lyutikov & Gavriil (2006) a photon that is reflected can both gain or lose energy. Since
u2s the dipolar magnetic field decays as ~ r—3, the cyclotron frequency of electrons gyrating along the magnetic field lines
w2 also decreases as ~ r~> as one moves far away from the star surface. Therefore if a photon is resonantly scattered and
125 reflected back towards the stellar surface it could interact again with the electron plasma only if it gains energy. If this
26 happens it can be transmitted again towards the observer. Since in the transmission the photon only gain energy, as
w2 it propagates far away from the star it will not interact again with electrons since they will have cyclotron frequencies
s below its energy.

s These probabilities depends on two free parameters, i.e., 79 and Sr. Following Gullén et al. (2015) we assumed that
1o these two parameters depends on the dipolar magnetic field strength B of the neutron star according to the following
un scaling relations:

0.001 if B<101¥G
1432 To = ! B (A8)
b ifB>10"%G
1433

0.001 ifB <1023 G
1434 Br = ! - (A9)
0.3 if B> 102G.

uss This approximated relations roughly reproduce the correlations between 79, S and B found in Rea et al. (2008).

ws I npp(Ey) = Ips(Ep)/Ep is the thermal spectrum coming from the neutron star surface in number of photons,

1z where

2 E3
h3C2 ekBLToc -1

1438 IBB (E) ) (AlO)

139 is a black-body intensity spectrum, the resulting photon intensity spectrum nrcs(E) due to cyclotron resonant scat-
1 tering can be computed by summing various contributions coming from various reflection events:

1441 nres(E) = /dE0p+(E7EO)nBB(EO)+ (A11)
1442 +/dE1p+(E,E1)/dEop_(El,Eo)nBB(E0)+
1443 +/dE3p+(EaE3)/dEQp*(E&EQ)/dElpf(E%El)

1444

s This sum quickly converges and for numerical purposes we will consider 6 reflection terms (see Lyutikov & Gavriil
s 2006).
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Figure 11. Results of the predictive check test performed on a test dataset of 300 simulations using the density estimator
trained on radio pulsars and the sub-populations of young magnetars and XDINSs. We used the density estimator obtained
from round 5 (see also Fig. 5). For each parameter, we display the predicted values and their uncertainties, i.e., the median
values (green crosses) and the 95% confidence interval (light blue error bars) of the posterior distribution, versus the true value
as green crosses and light blue error bars respectively.

B. PREDICTIVE CHECK AND COVERAGE TEST

To evaluate the reliability of the trained posterior estimator in round 5 of Section 5.2 we check its performance on a
test dataset of 300 simulations drawn from the proposal restricted prior. In Fig. 11 we show the inference results on
the test dataset for each of the 10 parameters we are inferring. For each test sample we report the median value and
the 95% credible interval from the predicted posterior distribution and we compare it with the ground truth value. As
can be seen by the scatter and uncertainties in the predicted values, the parameters related to the second component
of the initial magnetic field, fog B2 and oiog B 2 are difficult to constrain. We also performed the coverage probability
test (Cook et al. 2006; Hermans et al. 2021) on the trained estimator after the first round of TSNPE. To do this we use
the 300 test samples and compute the percentage of ground truth values that fall inside a given credibility level of the
corresponding estimated posteriors. The coverage plot shows that the posterior estimator is overall conservative, i.e.,
the coverage line lies well above the diagonal (see also Graber et al. 2024; Pardo-Araujo et al. 2025, for an explanation
of the coverage probability).
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