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A B S T R A C T 

We perform the first 3D fully coupled magneto-thermal simulations of neutron stars (including the most realistic background 

structure and microphysical ingredients so far) applied to a very complex initial magnetic field topology in the crust, similar to 

what was recently obtained by proto-neutron stars dynamo simulations. In such configurations, most of the energy is stored in the 
toroidal field, while the dipolar component is a few per cent of the mean magnetic field. This initial feature is maintained during 

the long-term evolution ( ∼10 

6 yr), since the Hall term favours a direct cascade (compensating for Ohmic dissipation) rather 
than a strong inverse cascade, for such an initial field topology. The surface dipolar component, responsible for the dominant 
electromagnetic spin-down torque, does not show any increase in time, when starting from this complex initial topology. This is 
in contrast to the timing properties of young pulsars and magnetars which point to higher values of the surface dipolar fields. A 

possibility is that the deep-seated magnetic field (currents in the core) is able to self-organize in large scales (during the collapse 
or in the early life of a neutron star). Alternatively, the dipolar field might be lower than is usually thought, with magnetosphere 
substantially contributing to the observed high spin-down, via e.g. strong winds or strong coronal magnetic loops, which can 

also provide a natural explanation to the tiny surface hotspots inferred from X-ray data. 

K ey words: stars: e volution – stars: interiors – stars: magnetars – stars: magnetic field – stars: neutron. 
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 I N T RO D U C T I O N  

n the last years, increasing efforts have been dedicated to magne-
ohydrodynamical (MHD) simulations of core-collapse supernovae
CCSN) (e.g. M ̈osta et al. 2014 , 2015 ; Obergaulinger, Janka &
loy 2014 ; Bugli et al. 2020 ; Aloy & Obergaulinger 2021 ; Ober-
aulinger & Aloy 2022 ; Powell et al. 2023 ). Besides the intrinsic
mportance in understanding the underlying explosion mechanisms
nd the fundamental physics of hot dense matter (Janka 2012 ;
bergaulinger & Aloy 2020 ), CCSN simulations are important to
efine the characteristics of its compact remnant, a hot proto-neutron
tar (PNS, e.g. Pons et al. 1999 ; Barr ̀ere et al. 2022 ). The highly
ynamical process consists of three main stages: (i) For about 1 s after
he core bounce, the system consists of a relatively cool central region
urrounded by a hot mantle, collapsing and radiating off neutrinos
uickly while still also accreting material. (ii) Over the next ∼20 s,
 slo wly de veloping state of the PNS can be identified; the system
rst deleptonizes and heats up the interior parts of the forming star,
nd later it cools down further through neutrino diffusion. The PNS
s born extremely hot and liquid ( T ≈ 10 10 K), with a relatively
arge radius of ∼100 km. (iii) After several minutes, it becomes
ransparent to neutrinos and shrinks to its final radius R ∼ 10–14 km
Burrows & Lattimer 1986 ; Keil & Janka 1995 ; Pons et al. 1999 ).
 E-mail: c.dehman@csic.es 
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eutrino transparency marks the birth of an NS, which starts its
ong-term cooling, dominated first by neutrinos and later ( t � 10 5 

r) by photon emission from the surface. 
The NS magnetic field configuration at birth is largely unknown,

nd explaining how to generate strong dipolar fields able to explain
he timing properties of magnetars is still an open question (see
.g. Igoshev, Popov & Hollerbach 2021b for a review). Different
cenarios were discussed in the literature to explain the origin of the
agnetic field in magnetars. Magnetic flux conservation can lead

o the strongest magnetic fields in the case of highly magnetized
rogenitors that could be formed in stellar mergers (Ferrario &
ickramasinghe 2006 ; Schneider et al. 2019 ; Makarenko, Igoshev &
holtygin 2021 ), although it may not explain the formation of
illisecond magnetars since highly magnetized progenitors are slow

otators (Shultz et al. 2018 ). In order to have a fast rotation and
 strong magnetic field, a possible scenario is the magnetic field
mplification by a turbulent dynamo in the PNS (Raynaud et al.
020 ). Different approaches of MHD local or global simulations
ave been recently put forward to quantify the magnetic field
mplification. 

On one hand, box simulations with simplified background fields
ho wed the de velopment of the magneto-rotational instability (Bal-
us & Ha wle y 1991 ; Akiyama et al. 2003 ; Obergaulinger et al. 2014 ;
embiasz et al. 2017 ; Aloy & Obergaulinger 2021 ). On the other
and, global simulations have explored the PNS dynamo mechanisms
Raynaud et al. 2020 ; Reboul-Salze et al. 2021 ; Masada, Takiwaki &
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otake 2022 ), including the effects of differential and rigid rotation 
nd convection. As usual in dynamo simulations, the system reaches 
n equilibrium configuration in which, although the fields are not 
tatic at all, the distribution of energy o v er the scales (or multipoles)
s statistically at (quasi)-equilibrium due to the balance between the 
 v erall forces in the magnetized fluid. In particular, the magnetic
nergy of the PNS spreads o v er a wide range of spatial scales,
ith non-axisymmetric and toroidal components dominating o v er 

he poloidal large-scale dipole. The total energy is compatible with 
agnetar -like magnetic fields, b ut it is dominated by the small scales.
In this sense, the approach and results of these studies represent 

 major advance that impro v es the highly simplified pictures of
tatic idealized equilibria known as twisted torus, often used as 
nitial field configurations. As a matter of fact, such purely large- 
cale and axisymmetric configurations have a completely different 
patial distribution of the magnetic energy, compared to the dynamo 
onfigurations, b ut they ha ve been often used as starting point
or the long-term evolution in NSs. See Becerra et al. ( 2022 ) for
ecent attempts with a random initially complex magnetic field 
onfigurations. 

Here, we present the first 3D coupled magneto-thermal simula- 
ion having at the same time a realistic background structure and 

icrophysics, and an initial magnetic field topology similar (in 
erms of spectral distribution) to Reboul-Salze et al. ( 2021 ). The
imulation is performed using MATINS (Dehman et al. 2023a & 

scenzi et al. in preparation). The latter works used the most recent
emperature-dependent microphysical calculations, a star structure 
oming from a realistic equation of state (EOS) and the inclusion 
f the corresponding relativistic factors in the evolution equations. 
uch simulations further complements the recent efforts to describe 
rust-confined 3D magnetic field evolution without or with thermal 
volution that used a simplified microphysical prescription described 
n the PAR OD Y -based published works (Wood & Hollerbach 2015 ;
ourgouliatos, Wood & Hollerbach 2016 ; De Grandis et al. 2020 ;
ourgouliatos, Hollerbach & Igoshev 2020 ; De Grandis et al. 2021 ;

goshev et al. 2021a , c ). In particular, our simulations confirm the
eneral trend seen from the initially purely small-scale field of 
ourgouliatos et al. ( 2020 ), but using a more realistic model and
erforming a deeper analysis. 
This paper is structured as follows. In Section 2 , we briefly re vie w

he theoretical framework adopted to simulate the magneto-thermal 
volution of NSs. The results of the first 3D coupled magneto-thermal 
volution using MATINS are displayed in Section 3 . Finally, we 
iscuss our results and we draw the main conclusions in Section 4 . 

 3 D  M AG N E TO - T H E R M A L  E VO L U T I O N  

.1 Basic equations 

fter few minutes from birth, NSs settle to a stratified, hydrody- 
amical static configuration, where no convection or differential 
otation operate. If they are isolated, they have then no further
ele v ant energy source, which implies that the kinetic (i.e. rotation),
agnetic, and thermal energy will decay in the long term. In fact,

ll the rich multiwavelength phenomenology during the active life 
f NSs (beamed non-thermal emission, thermal X-ray emission, 
ransient bursts, and flux enhancements) ultimately relies only 
n the electromagnetic torque and re-arrangement (via long-term 

issipation and sporadic abrupt re-configurations) of the PNS huge 
agnetic energetic inheritance. 
In order to quantify the long-term evolution of NS’s magnetic 

elds � B (in the crust) and the internal temperature T , the MHD
quations can be then reduced to only two coupled equations (see the
e vie w by Pons & Vigan ̀o 2019 for more details), the Hall induction
quation and the heat diffusion equation for the crust, which are,
espectively, 

∂ � B 

∂ t 
= −� ∇ ×

[ 
η( T ) � ∇ × ( e ν � B ) + 

c 

4 πen e 
[ � ∇ × ( e ν � B )] × � B 

] 
, (1) 

 V ( T ) 
∂ 
(
T e ν

)
∂ t 

= 

� ∇ · ( e ν ˆ κ( T , � B ) · � ∇ ( e νT )) 

+ e 2 ν( Q J ( � B , T ) − Q ν( � B , T )) , (2) 

here c is the speed of light, e the elementary electric charge, n e the
lectron number density, η( T ) = c 2 /(4 πσ e ( T )) the magnetic dif fusi v-
ty (inversely proportional to the electrical conductivity σ e ), c V the 
eat capacity per unit volume, ˆ k the anisotropic thermal conductivity 
ensor, Q J and Q ν the Joule heating rate and neutrino emissivity per
nit volume, and e ν is the relativistic redshift correction. While the
all effect, along with the Ohmic dissipation and heat dissipation, 
o v erns the magneto-thermal evolution of NSs, a few other effects
ay become rele v ant under certain conditions. These include the

hermoelectric effect (Biermann Battery) (Geppert & Wiebicke 1991 , 
995 ; Wiebicke & Geppert 1991 , 1992 , 1996 ; Gourgouliatos, De
randis & Igoshev 2022 ), crust yielding and deformation (Lan- 
er & Gourgouliatos 2019 ; Gourgouliatos & Lander 2021 ), and
he interaction of the crust with the core and the magnetosphere
i.e. the expulsion of the core field due to superconductivity or
mbipolar diffusion (Passamonti et al. 2016 ), and crust heating 
ecause of particle bombardment from magnetospheric currents 
Beloborodov & Li 2016 )]. 

The system of equations must be supplemented by an EOS, which
llows to set: (i) the fixed, spherical background structure of the
tar (e.g. density and composition as a function of radius) which is
btained through solving the Tolman–Oppenheimer–Volkoff equa- 
ion for a given central pressure (i.e. a given total mass), (ii) the local
icrophysics η, c V , ̂  κ , Q ν . Superfluid and superconductive models for

eutrons and protons, respectively, must also be taken into account, 
ince they have a huge impact on the cooling time-scales, via c V and
 ν In this study, we assume the superfluid models of Ho et al. ( 2015 ).
OS and superfluid models have an important impact on the cooling,
ut they play a lesser role in the magnetic field evolution (compared
or instance to the chosen initial topology). 

The main couplings between T and � B in their evolution equa- 
ions are explicitly marked as dependencies in the equations above. 
n one hand, a main effect is the magnetic-to-thermal energy 

onversion via Joule heating Q J . This in turn depends on η( T ),
hich decreases as the NS cools down (and becomes basically 

emperature-independent for sufficiently low temperatures when 
mpurities dominate the scattering processes, e.g. Aguilera, Pons & 

iralles 2008 ). On the other hand, the magnetic field makes the
hermal conductivity ˆ κ anisotropic, hampering the transmission 
f heat across the magnetic field lines and allowing important 
nhomogeneities in the surface temperature distribution T s , for which 
bservations can give constraints. At a much less extent, � B has also
n effect on c V and Q ν . 

The core and the crust (accounting together for more than 99
er cent of mass and volume) are fully considered in the thermal
volution. For the outermost envelope, where the time-scales are 
uch shorter than in the interior, we rely on the modelling of an

f fecti ve function T s ( T b , � B ), which depends on the temperature and
he magnetic field at the bottom of the envelope T b (Potekhin, Pons &
age 2015a ). We assume for simplicity a blackbody emission from
MNRAS 523, 5198–5206 (2023) 
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he surface, which might be a simplification (Potekhin, De Luca &
ons 2015b ), but does not affect our conclusions. 
We neglect the poorly known magnetic evolution in the core (see

.g. Gusakov, Kantor & Ofengeim 2020 and Wood & Graber 2022 for
ecent discussions), assuming that currents circulate only in the crust.
ndeed, equation ( 1 ) is valid for the solid crust only: the first term is
he Ohmic term, and the second is the non-linear Hall term, which is
he effect of the Lorentz force acting on the ultra-relativistic electrons
hich carry the charge by freely moving through the solid (or
lastic) ion lattice. The Hall term tends to push the electric currents
owards the crust-core boundary, where the high impurity content
nd pasta phases could cause a fast dissipation of the magnetic field
nd therefore much less spin-down (Pons, Vigan ̀o & Rea 2013 ). In
ddition, the Hall term tends to redistribute the magnetic energy
cross all scales. This effect compensates the Ohmic dissipation
f the smallest scales and, after O (10 4 ) yr, the crustal magnetic
opology approaches a very slowly varying configuration, with the
nergy distributed o v er a broad range of multipoles, a Hall cascade
ith slope ∼l −2 for the intermediate and small scales (Dehman et al.
023a ). 

.2 Numerical set-up 

e use MATINS (Dehman et al. 2023a ), a finite-volume 3D code
mploying the cubed-sphere coordinates, originally introduced by
onchi, Iacono & Paolucci ( 1996 ). MATINS is designed for this

cenario and evolves both the Hall induction and the heat diffusion
quations ( 1 ) and ( 2 ) (see Dehman et al. 2023a and Ascenzi et al. in
reparation for details about the magnetic and thermal evolution
etails separately). We consider the magnetic field confined in
he crust employ potential magnetic boundary conditions (current-
ree magnetosphere) at the outer numerical boundary, placed at
ensity ρ = 10 10 g cm 

−3 (close to the transition between liquid
nvelope and solid crust takes place for young or middle-age NSs).
e implement the state-of-the-art calculations for the temperature-

ependent electrical conductivity at each point of the star using
otekhin’s public codes 1 (Potekhin et al. 2015a ). The background
S model can be built using different models of the EOS at zero

emperature, taken from the online public data base CompOSE 

2 

CompStar Online Supernovae Equations of State). In particular, we
ill show results that employ a Skyrme-type model of EOS, SLy4

Douchin & Haensel 2001 ), and we consider a mass M = 1 . 4 M sun .
e employ the T s ( T b , � B ) relation of Potekhin et al. ( 2015a ) for iron
agnetized env elopes. F or more details on the impact of magnetized

nvelopes on the cooling of NSs, we refer the reader to Dehman et al.
 2023b ). The microphysics, star’s structure, and envelope modules
re the same as in our 2D models (Vigan ̀o et al. 2021 ). 

We adopt a grid resolution of N r = 40 and N ξ = N η = 43 per patch
a cubed-sphere has six patches), corresponding to a total number
f resolved multipoles in the system of about l max ∼ 40. We follow
he evolution for 100 kyr, an age where most NSs have cooled down
nough to be hardly detectable (bolometric thermal luminosity L <

0 32 erg s −1 ). 

.3 Initial topology 

e start from the work by Reboul-Salze et al. ( 2021 ), who performed
lobal simulations using MagIC (Wicht 2002 ). They consider a shell
NRAS 523, 5198–5206 (2023) 
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a

μ  

b  
epresentative of the convective region of a PNS, and simulate
he dynamo coming from the typical differential rotation profile
een during an advanced state of the core collapse. At saturation,
hey found a very complex topology, with most of the magnetic
nergy contained in the toroidal axisymmetric large-scale component
especially the quadrupolar component given by winding) and in the
on-axisymmetric small- or medium-scale size magnetic structures,
oth for the toroidal and the poloidal components. The large-scale
ipolar component represents only about ∼ 5 per cent of the average
agnetic field strength. 
We adopt an initial field with an angular spectral energy distri-

ution comparable to Reboul-Salze et al. ( 2021 , fig. 7 top panel).
ere, we indicate toroidal (blue)/poloidal (red) and axisymmetric

spherical harmonics order m = 0)/non-axisymmetric ( m �= 0)
omponents as a function of the spherical harmonics degree l . In
ATINS , although the evolved quantities are the magnetic field

omponents, we prescribe the initial field in terms of the toroidal
nd poloidal decomposition, based on the Chandrasekhar–Kendall
xpressions: 

B pol = ∇ × (∇ × 
 r 
)
, 

B tor = ∇� × r , (3) 

here 
 and � are the poloidal and toroidal scalar functions.
xpanding 
 and � as a series of spherical harmonics we have 


 ( t, r, θ, φ) = 

1 

r 

∑ 

l,m 


 lm 

( r, t) Y lm 

( θ, φ) 

( t, r, θ, φ) = 

1 

r 

∑ 

l,m 

� lm 

( r, t) Y lm 

( θ, φ) , (4) 

here l = 1,..., l max is the degree and m = −l ,..., l the order of the
ultipole. The initial configuration is then a smooth cascade in l

truncated for simplicity at l = 20) and m , with an exception for
he quadrupolar toroidal component which dominates. The average
nitial magnetic field of a few 10 14 G corresponds to a total magnetic
nergy of the order of ∼6 × 10 44 erg. Note that axial symmetry here
efers to the rotational axis in the PNS phase, but the rigid rotation of
he NS plays no role in the magnetic evolution (we do not evolve the
ull MHD, with the momentum equation, that includes the Coriolis
orce, since the background is assumed static for the solid crust).
herefore, hereafter, in our simulations, the reference axis can be

hought of as the PNS rotational axis. 
In the absence of a realistic core evolution, we simplify the

opology by confining the magnetic field to the NS crust (smaller than
he PNS shell). If the core evolution time-scales are much longer than
he crust (see e.g. Gusakov et al. 2020 ), most results of the crustal
volution should hold anyway. 

Since no specific information on the radial distribution of the
agnetic energy is available in Reboul-Salze et al. ( 2021 ), we set an

rbitrary set of initial poloidal 
 lm ( r ) and toroidal � lm ( r ) radial scalar
unctions (see appendix B of Dehman et al. 2023a for more details).
or simplicity, as a standard choice we impose the radial profile of

he dipolar poloidal scalar function, 
 l = 1, m ( r ), as in equation (8) of
guilera et al. ( 2008 ): 

 l= 1 ,m 

( r) = 
 0 μ r( a + tan ( μR � ) b) , (5) 

here 
 0 is the normalization and 

 = 

s i n ( μr) 

( μr) 2 
− cos( μr) 

μr 
, b = − cos( μr) 

( μr) 2 
− s i n ( μr) 

( μr) 
, (6) 

is a parameter related to the magnetic field curvature that needs to
e found for a given surface radius R � . For higher order multipoles

http://www.ioffe.ru/astro/conduct/
https://compose.obspm.fr/
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Figure 1. Spectrum of the total magnetic energy at different evolution time up to 100 kyr (Hall balance is reached in the system). Left panel: l – energy 
spectrum; right panel: m – energy spectrum. 

Figure 2. Decomposition of the poloidal and toroidal magnetic energy as 
a function of time. Poloidal magnetic energy is represented with red colour, 
the toroidal energy with blue, and the total magnetic energy with black solid 
lines. The dots correspond to the axisymmetric components of these energies 
and the dashed lines to the non-axisymmetric components. The axisymmetric 
and non-axisymmetric component are taken in PNS dynamo simulations with 
respect to the axis of the PNS rotation. This has no role in our simulations 
and we define these components with respect to the magnetic axis, starting 
with only m = 0 for a dipole. 
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f the poloidal scalar function ( l > 1), and for all the toroidal scalar
unction contributions � lm ( r ), we confine them inside the crust of an
S as follows: 

 l> 1 ,m 

( r ) , � lm 

( r ) ∝ −(
R − r 

)2 (
r − R c 

)2 
, (7) 

here the proportionality means that every multipole can have a dif-
erent normalization (i.e. its initial weight). Note that this particular 
hoice has no specific physical ground, further than matching at t = 0
ith a pure dipolar field at the surface. In order to test the sensitivity
f the results on the initial radial function, we have also tested one
ase where the radial function for the dipolar poloidal component 
as been applied to all the other poloidal multipoles (producing an 
nitial current sheet at the surface, see below). 

Of course, it is unrealistic to expect that the birth NS configuration
s giv en e xactly by the ones simulated for the PNS stage. As a matter
f fact, there is plenty of MHD time-scales to change the topology. On
ne hand, PNS will experience shrinking to the final NS size, which
ill probably imply an increase of the energy by flux conservation

here considered since we obtain similar volume-integrated energy 
pectra). On the other hand, the smaller scale will experience a fast
ecay as soon as the dynamo processes will stop feeding them. This
s the reason why, to be conserv ati ve, we only consider the first l ≤ 20

ultipoles. Ho we ver, the details of the spectral slope for the small
cales are not important, since the Hall effect quickly regenerates 
hem via direct cascade (Dehman et al. 2023a ). 

 RESULTS  

n this section, we present the results of our simulation assuming
 crustal-confined initial field topology as described in Section 2.3 .
he studied model has an average magnetic field of a few 10 14 G and
 dominant Hall evolution (the magnetic Reynolds number is greater 
han unity and reaches a maximum of R m ∼ 1600 during evolution).
or a more quantitative analysis of the 3D magnetic evolution, we
urv e y the magnetic energy spectrum to observe the redistribution of
he magnetic energy o v er the different spatial scales. 

We examine at dif ferent e volution times the l and m energy
pectrum, illustrated, respectively, in the left and right panels of 
ig. 1 . The transfer of the magnetic energy occur from large to small
cales (the latter are initially empty): the direct cascade dominates. 
he magnetic energy spectra have reached a quasi-stationary state, 

.e. the Hall-saturation, at about 20–30 kyr. Small-scale structures 
issipate faster than large-scale ones, enhancing the Ohmic heating 
n the system. At the same time, the former are continuously fed
y the latter, due to the Hall term in the induction equation. This
s known as the Hall cascade; it happens due to the Hall-dominated
ynamics and consists of an equilibrium distribution of magnetic 
nergy, o v er a quite broad range of multipoles, with an approximate
 

−2 slope (Goldreich & Reisenegger 1992 ). 
Throughout ∼100 kyr of evolution, the total magnetic energy drops 

y about half an order of magnitude as indicated in Fig. 2 (solid black
ine). We also display in the same figure the decomposition of the total

agnetic energy (black) into its poloidal (red) and toroidal (blue) 
omponents. The dots correspond to the axisymmetric components 
 m = 0) and the dashed lines to the non-axisymmetric ones ( m �= 0).
he studied initial topology has a poloidal field go v erned by its non-
xisymmetric component, whereas the toroidal field has a significant 
ontribution from both axisymmetric and non-axisymmetric pieces. 
MNRAS 523, 5198–5206 (2023) 
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M

Figure 3. Spectrum of the toroidal magnetic energy (blue) and the poloidal magnetic energy (red) as a function of the spherical harmonics order l at t = 0, 
10, 50, and 100 kyr. The dots correspond to the axisymmetric components of these energies and the dashed lines to the non-axisymmetric components. The 
total number of multipoles in the system is l max = 40 and the initial number of multipoles is l = 20. The top left panel of this figure ( t = 0) is inspired from a 
core-collapse generated turbulent field (Reboul-Salze et al. 2021 , fig. 7 top panel). 
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or the first ∼10 4 kyr, the dissipation of magnetic energy is relatively
mall compared to later time. One could notice that the magnetic
nergy is transferred from the toroidal to the poloidal field during
he evolution. The most efficient transfer in terms of relative energy
ncrease is for the poloidal axisymmetric field, probably because it is
nitially much weaker than the others. It shows a significant growth
f one order of magnitude during the first 40–50 kyr. A saturation
ccurs for rest of the evolution (i.e. the system has reached the
all balance). This quasi-constant energy trend appears for both the
oloidal and the toroidal axisymmetric energy for t ≤ 50 kyr. At
he same time, a strong transfer of magnetic energy to the poloidal
on-axisymmetric component takes place. The non-axisymmetric
oroidal energy tends to dissipate faster than the total magnetic
nergy in the system. That is because part of the toroidal non-
xisymmetric is transferred to the poloidal non-axisymmetric energy.
he latter dominates the axisymmetric toroidal component at ∼10
yr and the non-axisymmetric one at ∼50 kyr. Nevertheless, the total
oroidal field go v erns the magnetic energy at all time (solid blue 
ine). 

For a further understanding, we study in Fig. 3 the evolution in
ime of the spectra. We display four snapshots of the toroidal (blue)/
NRAS 523, 5198–5206 (2023) 

t  
oloidal (red) and axisymmetric (dots)/non-axisymmetric (dashed
ines) components as a function of the spherical harmonics degree
 at different evolution time, e.g. t = 0, 10, 50, and 100 kyr. The
ngular spectral energy distribution at t = 0 is comparable to Reboul-
alze et al. ( 2021 , fig. 7 top panel). At ∼10 kyr, a transfer of energy

o the non-axisymmetric toroidal dipole (blue dashed line, l = 1)
akes place due to the inverse Hall cascade. A significant transfer of
nergy to the poloidal axisymmetric field happens at large and small
cales. Instead, at late time (Hall balance is reached in the system) the
ipolar component dissipates. For a better understanding, we discuss
he behaviour of small and large scales independently. During the
volution, the small-scale modes (10 ≤ l ≤ 40) gain a significant
raction of the magnetic energy due to the Hall cascade in the system.
he different behaviours are listed next. 

(i) At t = 10 kyr, both toroidal components (i.e. axisymmetric
nd non-axisymmetric) decay in time, whereas the two poloidal
omponents gain energy at small scales. That also agrees with Fig. 2
nd indicates equipartition at small scales, since isotropy is easier
o achieve. As a matter of fact, the peculiar crust geometry (a thin
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Figure 4. Field lines in the crust of an NS at t = 0 (on the left), t = 10 kyr (in the centre), and t = 50 kyr (on the right). The colour scales indicates the local 
field intensity in units of 10 12 G. 

Figure 5. Luminosity curve as a function of time. The colourbar indicates 
the evolution of the dipolar component of the poloidal magnetic field at the 
surface of the star (value at the magnetic pole). 
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hell of ∼1 km) and the strong stratification play against isotropy
nd therefore equipartition between large-scale components. 

(ii) At about 40–50 kyr, the system approaches a Hall-balance (see 
lso Fig. 1 ). At this stage, one can notice a slightly different behaviour
or the axisymmetric and the non-axisymmetric components. On 
ne hand, the axisymmetric components reach an approximate 
quipartition of the magnetic energy between poloidal and toroidal 
omponents at small scales. That is in agreement to what was found
sing the axisymmetric 2D code (Pons & Vigan ̀o 2019 ). A change
f phase in the oscillations occur on a time-scale of 40–50 kyr. On
he other hand, for the non-axisymmetric modes, the slight toroidal 
ominance o v er poloidal seen at 10 k yr inv erts at 50 and 100 k yr.
hat is due to a transfer of energy from toroidal to poloidal field
hich, ho we ver, can be interpreted as equipartition of energy on the

mall isotropic scales. 

Minor differences appear in the spectrum at 50 and 100 kyr and
hat is because the system has reached the Hall balance and the
pectra remains stationary as it is shown in Fig. 1 . Note also how the
arge scales barely evolve, compared to the others. This is another 
onfirmation that the NS tends to a universal behaviour (Hall cascade) 
or intermediate and small scales, but it has a strong memory of
he large-scale magnetic topology at birth (Dehman et al. 2023a ).
his has important implications to relate current observables to the 

ormation process (PNS stage). 
The field lines in the crust of an NS at t = 0, 10, and 50 kyr are

isplayed in Fig. 4 . The magnetic field lines are highly multipolar
nd many small-scale structures cover the surface. The field lines are
ery tangled throughout evolution, making it difficult to discern any 
lear dominant component. 

In Fig. 5 , we show the evolution of the thermal luminosity and (in
olour scale) of B 

dip 

pol , the dipolar component of the poloidal magnetic
eld at the surface of the star (value at the magnetic pole). For such
n initial configuration, the luminosity ranges from 5 × 10 32 to 10 33 

rg s −1 in the neutrino cooling era, soon after, in the photon cooling
ra ( t ∼ 10 5 ) yr, the luminosity drops sharply below 10 32 erg s −1 . The
apid cooling during the photon cooling era is also caused by the low
ore heat capacity, which in turn depends on the assumed pairing
etails. A comprehensi ve re vision of the microphysics embedded in
agneto-thermal models can be found in Potekhin et al. ( 2015a ). On

he other hand, B 

dip 

pol drops from ∼10 12 to ∼4 × 10 11 G without any
oticeable increase. 
At the surface of the star, we define the average field strength in

ach multipole l as follows: 

¯
 

surf 

l = 

[
1 

4 π

∫ 

d �( B 

2 
r + B 

2 
θ + B 

2 
φ) 

]0 . 5 

= 

[
B 

2 
0 

4 π

∑ 

m 

( b m 

l ) 2 
(

e −2 λ( R) ( l + 1) 2 + l( l + 1) 

)]0 . 5 

, (8) 

here e −2 λ( R ) is the relativistic metric correction at the surface, b m 

l are
he dimensionless weights of the multipoles entering in the spherical 
armonics decomposition of the radial magnetic field, and B 0 is the
ormalization used in the code (see equation 26 of Dehman et al.
023a for more details). In the top panel of Fig. 6 , we show the
ime evolution of B̄ 

surf 

l as a function of l . At t = 0, the NS surface is
ominated by the dipolar mode due to the specific radial function that
e assume for each multipole in this case. Ho we ver, as soon as we

tart the evolution the small-scale modes become dominant at about 
 kyr. Then the system reaches some sort of balance throughout
he evolution. The balanced configuration is dominated by small- 
cale structures only ( l ≥ 10). This finding implies that during the
volution the B 

dip 

pol value (the colourbar of Fig. 5 ) is much weaker
MNRAS 523, 5198–5206 (2023) 



5204 C. Dehman et al. 

M

Figure 6. Time evolution of the surface average field strength as a function 
of l (equation 8 ). Top panel: evolution up to 100 kyr. The colourbar reflects 
the evolution in time. Bottom panel: comparison of the evolution for different 
radial functions at t = 0 (black), 1 kyr (red), and 20 kyr (yellow). The 
solid lines correspond to the radial function that fits the potential boundary 
conditions (Dehman et al. 2023a , appendix B) and results in an initial purely 
dipolar field at surface (black solid lines), whereas the dots correspond to 
Aguilera et al. ( 2008 , equation 8) applied to both toroidal and poloidal field. 
The latter allows an initial distribution of small- and large-scale multipoles 
on the star’s surface. 
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han the one inferred for most magnetars (10 14 –10 15 G), when the
lassical spin-down formula is used to interpret the timing properties.

So far we have focused only on different choices of the tangential
istribution of magnetic energy (the initial multipole weights).
o we ver, the initial radial profile of the topology (i.e. the set of radial

unctions of each multipole ( l , m )) is also an important parameter
hat potentially affects our results (also connected to the outer and
nner boundary conditions). For this reason, in the bottom panel
f Fig. 6 , we compare the evolution for two different initial sets
f radial functions (both equally arbitrary), which result in very
ifferent initial shapes of B̄ 

surf 

l . The solid lines correspond to a set
f radial functions that allow a smooth matching with a pure dipole
utside (see appendix B of Dehman et al. 2023a ), confining inside
ll the other multipoles. The dots correspond to another set of radial
unctions that allows an initial distribution of small- and large-scale
ultipoles on the star’s surface, with an initial non-zero tangential

urrent that is quickly dissipated by the re-arrangement of the field.
oth simulations are soon ( ∼1 kyr, red) dominated by the small-scale

tructures and approach a similar spectral distribution of B̄ 

surf 

l after
bout 20 kyr, when the Hall balance is reached. From the comparison
f these two simple choices, it seems that, independently from the
NRAS 523, 5198–5206 (2023) 

t  
nitial radial distribution of the magnetic field inside the NS’s crust,
he star surface is anyway dominated by small-scale structures. 

 DI SCUSSI ON  

n the previous work (Dehman et al. 2023a ), we have explored
ifferent initial field configurations using MATINS . Our simulations
onfirmed that the spectra and topology of the magnetic field keep a
trong memory of the initial large scales, which are much harder to
e restructured or created. This indicates that the type of large-scale
onfigurations attained during the PNS stage and the NS formation is
rucial to determine the magnetic field topology at any age of its long-
erm evolution. Dynamo simulations of PNS show a complex field
onfiguration in which most of the energy is stored in the toroidal
eld and only a small fraction ( ∼ 5 per cent ) of it is stored in the
ipole component, with small-scale components dominating o v er
he large-scale ones (in particular, the dipolar poloidal component
esponsible for the spin-down). 

To assess how such complex initial topology evolves, we presented
he first coupled 3D magneto-thermal simulation of an NS field
volution, starting from a configuration similar (in energy spectra) to
he recent PNS dynamo simulations by Reboul-Salze et al. ( 2021 ).

e include the most realistic background structure and microphysical
ngredients so far. We perform a long-term simulation until the age
f ∼100 kyr, i.e. until the Hall balance is reached and the luminosity
volution is driven by mostly by photon cooling. 

Following the analysis of our results (Section 3 ), we found that the
urface dipolar component experiences no rele v ant gro wth in time in
his time-scale, independently from the initial radial distribution of
he magnetic field in the NS crust (see Fig. 6 , bottom panel). We argue
hat only starting from an initial magnetic energy distribution mostly
oncentrated in the dipolar component alone (in the crust or in the
ore) could result in a dominant surface dipolar magnetic field. As
n our previous work, and in PARODY-based studies (Gourgouliatos
t al. 2020 ; Igoshev et al. 2021c ), we find a wide range of spatial
cales o v er which the magnetic energy is distributed, and the large-
cale components are sub-dominant. Ho we ver, it is unclear ho w core
ollapse could yield to an NS with such an almost pure dipolar
onfiguration. Indeed, se veral observ ations suggest that internal
on-dipolar components (toroidal and multipolar components) are
ominant: low field magnetars (Rea et al. 2013 ; Tan et al. 2023 ), high-
 pulsars (Zhu et al. 2011 ), CCO with outbursts (Rea et al. 2016 ),

pectral features in magnetars (Tiengo et al. 2013 ), and X-ray Dim
solated NSs (XDINS) (Borghese et al. 2017 ). At last, in Dehman
t al. ( 2020 ), the 2D simulations showed that B 

dip 

pol played a minor
ole in determining magnetars bursting activity and the magnetic
nergy stored in the crust of the star is a better indicator. 

These features, already partially explored in Gourgouliatos et al.
 2020 ) and Igoshev et al. ( 2021c ) (where they started with only
mall-scale multipoles), could be suitable for describing CCOs, X-
ay sources with luminosity ranging between 10 32 and 10 34 erg s −1 ,
ocated at the centres of supernova remnants, with an estimated
urface dipole magnetic field in the range 10 10 –10 11 G. The dis-
ipation of such weak large-scale component alone cannot provide
ufficient thermal energy to power their observed X-ray luminosity.
t is believed instead that CCOs have a hidden strong magnetic field
ue to the fall-back accretion (Ho 2011 ; Vigan ̀o & Pons 2012 ). This
agnetic field dissipates in the star interior to provide the bright

hermal luminosity of CCOs (Fig. 5 ). 
We may consider that some other physical effects could act during

he collapse or in the early NS life, to provide at the surface of
he star large-scale dipole B 

dip 

pol 
 10 13 G. Strong inverse cascade
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ould be triggered by helical magnetic fields (e.g. Brandenburg 2020 
or box simulations with no stratification), but it has not been seen
o far in global simulations. We might be missing some important 
ynamics able to have a large-scale organization of the sustaining 
urrents. On one hand, the PNS dynamo simulations are intrinsically 
ffected by the chosen simple boundary conditions (see e.g. Raynaud 
t al. 2020 for a comparison between perfect conductor and potential 
onfiguration), which are anyway not realistic for the dirty, dense, 
nd hot plasma-filled environment of the PNS. On the other hand, the
eld sustained by currents in the core might be rele v ant, especially

n the long-term, since its evolution time-scales are arguably longer 
but see Gusakov et al. 2020 ). Ho we ver, it is unclear how to generate
 strong poloidal dipolar field (supported by strong toroidal and 
rganized currents) during the PNS or early NS stages. 
A radically dif ferent alternati ve is possible, compatible with the 

bsence of strong dipolar fields. The values of B 

dip 

pol might indeed 
l w ays be lower if the electromagnetic torque is dominated by
agnetospheric effects, like particle winds and the presence of 

trong and extended loops, charges of particles. Indeed, for the 
un (Yeates et al. 2018 ) and for Zeeman–Doppler studies of main-
equence stars (Donati et al. 2009 ) inferred magnetospheric topology 
how field lines stretched by the wind and complex topologies. 
trong magnetospheric structures could also be compatible with the 
resence of tiny hotspots (radii less than 1 km), commonly inferred 
rom magnetars’ X-ray thermal spectra (in quiescence or outburst), 
nd with the more studied resonant Compton scattering causing 
he observed non-thermal tails in spectra. Ho we ver, quantifying the 
dditional magnetospheric contributions to the spin-down is so far 
imited by the models of Tong et al. ( 2013 ), and more work is needed
n this sense to support this scenario. Along this line, the coupling
f the interior evolution with the magnetosphere is essential to allow 

he currents to flow and the surface dipolar field to be larger (Akg ̈un
t al. 2018 ; Urb ́an et al. 2023 ). 
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